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PROBLEMS

03.4.1. Normal’s Deconvolution and the Independence
of Sample Mean and Variance

Karim M. Abadir
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Jan R Magnus
Tilburg University, The Netherlands

(@) Let x, andx, be independent variates havinggim.s my(t;) and my(t,), respec-
tively, and definey := x; + X,. Prove thaty is normal if and only ifx; andx, are
both normal Is the existence of rg.f.s necessary for this result?

(b) Letx := (Xq,...,Xn)" be a vector of independefibut not necessarily identically

distributed componentswhere 2= n < o. Definex := (1/n)> ;X andz:=
T (x — X)2. It is well known that ifx ~ N(ul,02l,), thenx ~ N(u,o?/n)
independently fronz/ac? ~ y?(n — 1). Forn = 3, prove that ifx ~ N(u, oc?/n)
andz/o? ~ y?(n — 1), thenx ~ N(ul,o?l,).
(c) Why is the last statement ifb) not necessarily true fan = 2? What additional
conditions are needed to make it hold for 27?
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03.4.2. The Asymptotic Distribution of the Dickey—Fuller Statistic
under Nonnegativity Constraint

Giuseppe Cavaliere
University of Bologna, Italy

Consider the Dickey—Fuller statistit; := T, whered := (3, X2 ;)1 X
S X, ;AX,. It is well known (see e.g., Phillips, 1987 that if the data-

generating procedsl.g.p.) is the random walk; = X;_; + &, with initial con-
dition X, = 0 and with{e} i.i.d. N(0,o2), then

Z: 5 <2J1 B(s)? ds>_1(B(1)2 — 1), (1)
0

whereB is a standard Brownian motion and> denotes weak convergence
with respect to the uniform metric
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(the posers of the problem

(@) The “if” part is easy to provelf x; ~ N(u;,0?) for i = 1,2, then their
independence simplifies the moment generating fundtig.f.) of y to

my('[) = E(et(x1+xz)) = E(etxl)E(etxz) — e(M1+M2)t+(0'12+0'22)t2/2,

so thaty ~ N(w, + w,, 02 + ).

The “only if” part is less obviousWe will assume thay ~ N(0,1), without
loss of generalitythe usual extension ta + oy applies. Then the character-
istic function(c.f.) of y is

e 172 = E(eW) = E(e'*a X)) = E(e™)E(e'™2) = my(it)m,(it),
by independence of; from x,. Note thaf for t real-valued
[E(e™2)| = E(le™2]) =E(1) =1,

so we have €72 < |my(it)| or equivalently—2 logm,(it)] = t2. Because
the mg.f. of x; exists all the derivatives ofm,(it) are finite att = 0 and
log|lm,(it)| has a Taylor-series representation as a polynomial From the
previous inequalitythe maximal power of this polynomial is. 2s a result
m,(t) = expla;t + a,t?) for suitably chosen constants and«, (recall that
m,(0) is set to 1 by definition). This establishes normality for; and by sym-
metry of the argumenfor x, too.

Cramér’s(1936 deconvolution theorem is actually more general than is stated
in part (a), because it does not presume the existence .gffra for x; andx,,
at the cost of a further complication of the pro&f our proof we have used
(without needing to resort to the language of complex anglykis fact that
the existence of the m.f. implies that it is analytic(satisfies the Cauchy—
Riemann equationsand is thus differentiable infinitely many times in an open
neighborhood ot = 0 in the complex planeOn the other handf one did not
assume the existence of.grf.s, then one would require some theorem from
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complex function theortyOne such requisite would be the “principle of iso-
lated zeros” or “uniqueness theorem for analytic functibAsiother alterna-
tive requisite would be “Hadamard’s factorization theoremsed in Loeve
(1977, p. 284).

(b) Forn < oo, Cramér’s deconvolution theorefsee parta)) can be used
n — 1 times to tell us thax ~ N(u, 0?/n) decomposes into the sum ofinde-
pendent normalsso that vafx) = 3 is a diagonal matrix satisfying (&) =
no 2. However the theorem does not imply that the components of the decom-
position have identical variances and meaarsd we need to derive these two
results respectively

Define the idempotent matridA = (a;) = I, — 11’/n. Then because
X' (0 2A)X ~ x?(n — 1), we haveA = o "?A3A. The fact thatA is idempotent
implies thatADA = O, where

D = diag(d,,...,d,) :=1,— o723
with
tr(D)=n—oc 2tr(X)=n—o0"2nc?=0. (1)

The diagonal elements &DA are given by
2 1 2

Forn = 3, the equatiorADA = O thus givesd, = 0 forj = 1,...,n, and hence
3 =0,
To obtain the mearwe note that the noncentrality parametexéfo —2A)x
is given byu'S " V2(0"2A)3 Y. Because our quadratic form has a central
x2-distribution ands = o21,, we obtainAx = 0 and hence

=1
H n

Then E(x) = w1 follows by

o I'X\  1'p
M_E(X)_E<n>_ .

n

(c) Whenn = 2,

A11—1
C2\-1 1
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and

1/1 -1\/d, 0\/1 -1\ d,+d,/1 -1
ADA=Z\1-1 1 0 d/\-1 1) 4 \-1 1)

Equating the latter to zeras in (2), provides no further information on the
variance of the two normal componentsxyfbeyond what was already known
from (1). In this caseresult(b) does not hold

As a counterexampjdet

() (Mo )

Then it is still the case thax ~ N(0,3) and

1 I =1\ (x 1 2 2
Z—E(Xla X2) 11 )\ x, —E(Xl_xz) ~ x“(1).

Notice, howeverthat coUXx; + X5, X; — Xp) = var(x;) — var(x,) # 0, so thatx
is not independent of. We will now show that assuming independencexof
from z makes the statement () hold forn = 2 alsa

Independence of the linear fomix/n from the quadratic formx’Ax/o? occurs
if and only if ASI = 0. Forn = 2, setting

1/ 1 -1\[/oZ2 O 1 1/02— 0%
2\ -1 1 0 o2/\1 2 02— of

equal to zero ensures thaf = o2,

A variation on part(c) is proved by a different approach in Zingelr958
Theorem 6. There independence of from zis assumed but not the normality
of x. In fact, for 2 = n < oo, normality ofx is obtained there as a result of one
of two alternative assumptions on the components béing pairwise identi-
cally distributed or being decomposable further as independent and identically
distributed(i.i.d.) variates

NOTE

1. An independent solution has been proposed by Luc Laywesd euven Belgium
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