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This paper analyses the estimation by maximum likelihood of multivariate error component
models, linear and nonlinear, under various assumptions on the errors. Special attention is given
to testing and imposing positivity constraints, and equality and inequality restrictions. Also, the
appropriate asymptotic covariance matrices are derived, enabling us, inter alia, to perform Wald
tests of various relevant hypotheses.

1. Introduction and sulnmary

Suppose we wish to analyze a combined time-series cross-section of
individual firm production. In particular, let there be observations on g
firms over T years. For firm i in year f, the demands for the p factors of
production are explained by the prices of these factors in year ¢, the output
of firm i in year ¢, and possibly other variables depending on the form of the
ith production function. The following set of nonlinear regression equations
describes this situation.

Model I: Vi=flXwB)tu, i=1,...q, t=1,...T,

where y;, f, and u, are (p, 1) vectors, the inputs X, are (p,/;) matrices, and
the unknown parameter vectors f; are (k;, 1) vectors. Model I, clearly, is quite
general, and arises in many applications. More specific is the linear model

Model 11: yizzxtﬁi+uits i=1,...,q, t=1,...,T,

where X, is the same for each firm. This situation arises, for example, when
the regressors X, are functions of prices only, and each firm faces the same
prices.

*1 am grateful to A.D. Woodland for many comments and suggestions. All errors and
ambiguities are the author’s responsibility.
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In this paper we shall study the estimation of Models 1 and II under
various assumptions on the error vectors u;. When combining time-series
data with cross-section data, the error components approach suggests itself.
In the present case, the errors u;, are vectors, so that we will have to consider
error components matrices. Now we can make one of the following three
assumptions:

Assumption I — One error component matrix. u,~N,0,4), where 4 is a
positive definite (p, p) matrix.

Assumption 2 — Two error components matrices. u,=e,+¢,, where ¢, and
¢, are independently distributed as e,~N,(0,I") and ¢,~N(0,4), with I
positive semidefinite, and 4 positive definite, both of order p.

Assumption 3 — Three error components matrices. u,=e,+{;+¢;,, where e,
{;, and ¢, are independently distributed as e,~N,0,I'), {;~N(0,Z), and
;>N (0, 4), with I" and Z positive semidefinite, and 4 positive definite, all of
order p.

Assumption 1, of course, is the famous seemingly unrelated regressions case
[Zellner (1962)], Assumption 2 has been employed by Chamberlain and
Griliches (1975), and Assumption 3 was analyzed by Avery (1977) and
Baltagi (1980). Consider now the following two extensions to Assumptions 1
and 2:

Assumption la. u,=N,0,4;4), where 4 is a positive definite (p, p) matrix,
and 4,>0 (i=1,...,9).

Assumption 2a. u;,=e, +¢,, where ¢, and ¢, are independently distributed as
¢,=N,(0,I') and g,~N (0, 4;4), where I' is positive semidefinite, A positive
definite, both of order p, and 4,>0 (i=1,...,g).

The error structure of Assumption la is intermediate between Zellner-type
estimation for all firms combined [u;,~N(0, A)] and Zellner-type estimation
for each firm separately [u;,~N(0,4;)]. A further rationale for Assumptions
1a and 2a is given in section 8. Assumption 2a is employed in an analysis of
substitution possibilities between four types of energy in Dutch
manufacturing (6 industries, 19 years, 4 cost shares) by Magnus and
Woodland (1980).

The purpose of this paper is to discuss the estimation of the parameters in
Models I and II under each of the Assumptions 1, 1a, 2, 2a." The method of

'Estimation of Models I and IT under Assumption 3, although discussed in the original paper
[Magnus (1980, section 9)], is not discussed here in an attempt to somewhat shorten an already

too lengthy article. The derivations of the appropriate formulae are, however, similar to the ones
presented in the present article.



J.R. Magnus, Multivariate error components analysis 241

estimation is maximum likelihood (ML) exclusively. While we are well aware
of other methods [Maddala and Mount (1973) compare eleven estimators for
the two error components model], we still believe that ML is the most
powerful estimation technique available to the profession, and, in this case,
leads to results which are computationally feasible.

We shall indicate how the restrictions that 4 be positive definite, I
positive semidefinite, and 2; (i=1,...,q) positive can be incorporated. Also
equality and inequality restrictions on the f’s are discussed. Particular
attention will be given to the imposition and testing of the restriction that
the p-vector in two or more industries is the same. The ‘asymptotic
covariance matrix’ for the B, and the error component matrices will be
presented, enabling us, inter alia, to perform Wald tests of the hypothesis
r=0.

Three limitations of this article are (i) its confinement to ML estimation,
(ii) the fact that we assume no lags in the dependent variables, and (iii) its
lack of statistical rigor. No attempt is made to establish statistical properties
of the ML estimators and therefore no asymptotic justification for their use is
provided.

The literature on two error components models includes Balestra and
Nerlove (1966) and Nerlove (1971a) who allow lagged dependent variables,
and Maddala and Mount (1973) who compare eleven estimators, including
ML. Wallace and Hussain (1969) considered the use of a three error
components linear regression model and developed an Aitken estimator of the
coefficient vector based on an estimated variance—covariance matrix. Their
paper was extended by Amemiya (1971), Maddala (1971), and Nerlove
(1971b). Swamy and Arora (1972) studied small sample properties. Later
papers on the three error components model include Balestra (1973), Fuller
and Battese (1974), and Mundlak (1978).

All the above papers are concerned with the linear single equation (i.e.
p=1) regression model. A linear multiple equation regression model with two
error component matrices was estimated by Chamberlain and Griliches
{1975) using ML techniques. Their error structure is as in our Assumption 2,
but their model is different from Model II and, indeed, not even a special
case of Model I. The linear multiple equation regression model with three
error components matrices was first considered by Avery (1977) who derived
a feasible Aitken estimator of the coefficient vector. This estimator is not
ML, and, more seriously, asymptotically inefficient. Baltagi (1980) derived an
alternative estimator, also not ML, which he showed to be asymptotically
efficient.

The plan of this paper is as follows. Section 2 presents two lemmas
concerning the determinant and inverse of matrices with a special structure.
Sections 3, 4, and 5 discuss the estimation of Model 1 under Assumption 2
and, as corollaries, Assumption 1. In section 6 we take up the linear Model
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II under Assumptions 2 and 1. Wald tests are discussed in section 7. We
shall see that for the linear Model II, the Wald tests are very easy and
inexpensive to perform. Sections 3-7 thus analyze Models I and IT under
Assumptions 1 and 2. In section 8 we present the corresponding theorems for
the estimation of Models 1 and Il under Assumptions la and 2a. Two
appendices conclude the paper. Appendix 1 gives some results on. matrix
differentiation, traces and the ‘duplication matrix’. Appendix 2 contains the
proofs.

2. Two useful lemmas

In error component analysis, but not only there,> one frequently
encounters very large matrices of a special structure. The calculation of the
inverse, determinant, and (possibly}) eigenvalues of such matrices is
troublesome and time-consuming, unless we can use their special structure to
reduce the order of the matrices concerned. Lemma 2.1 does precisely that
and provides the basis for our subsequent analysis.

Lemma 2.1. Let M, (i=1,...,5) be symmetric idempotent matrices of order n
and rank r; with Y5_ M;=1,. Let further A; (i=1,...,5) be square matrices
(possibly complex) of order p. Define the square matrices®

Q=) M@4) and Q= (A@M)

both of order np. Then,

(i) M;M;=0 for all i#j; Y7 r;=n;
(i) the eigenvalues of @, and Q, are the eigenvalues of A,...,A, with
multiplicities ry,...,rg
(i) [2,) =@z =TTi- s |4
(v) Q, and Q, are non-singular if and only if all A; (i=1,...,s) are non-
singular, in which case

Q= i (M\®A; Y and Q5'= ‘Z (A7'®M). O
: i=1

i=1

Some special cases of Lemma 2.1 are well-known. For example, if p=1, the
matrices A; reduce to scalars a;, say, and Q;=Q,=Y7_, o, M, This is the

2See Kanemoto (1980} for an application of our Lemma 2.1 in the analysis of macro-dynamic
models.
3The symbol ® denotes the Kronecker product operator.
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structure of the disturbance covariance matrix in the two (with s=2) and
three (s=4) error components model. Baltagi (1980) gives the inverse of Q,
and @, in the case that A4,,...,A4, are positive definite, but he does not
provide the eigenvalues and the determinant.

Let us next prove the following result.

Lemma 2.2. Let L be a non-singular (q,q) matrix, q=2, A and B square
matrices of order p, and a and b (g, 1) vectors. The (pq, pq) matrix,

G=L®B+ab'®A,
has determinant
|Gl=L{"|B"*[C)
where
C=B+aA and o=bL la,

and, if G is non-singular, its inverse is

G '=L'®B '—L 'abL 'QE,

where
E=C 'AB '=B 'AC '=B 14B! if a=0,
- -1y
=—B'-CY if a0 [
o

Note: The non-singularity of L is clearly not sufficient for the non-
singularity of G (since B or C may be singular). Neither is it necessary. To
see this, let

a=B, L=('! —p="
Rt SRR e 1Y &

Then L is singular, but
2 1 . . .
G= 11 ® A is non-singular when A4 is.

A special case of Lemma 2.2 is the following corollary, which will prove
useful in the sequel.
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Corollary 2.1. Let A be a diagonal (q,q) matrix, g =2, with positive diagonal
elements, A and B square matrices of order p, and s, a (q,1) vector of ones,

The (pq, pq) matrix,

G=A5,5; 1®A+ 1@ B,
has determinant

|G| =|4]7|C||BJ*",
where

C=B+0A and o=trA,

and, if G is non-singular, its inverse is

1
G*lz&sqs;(@(cﬂ—B‘1)+A*1 ®B ' O

3. Nonlinear regressions with two error component matrices

In this section (as in sections 4 and 5) we consider a set of nonlinear
regression equations.

yit:ﬁ(Xitaﬁi)+uita i=1,-~,q, tzl’--',T; (31)

where y,, f;, and u;, are (p,1) vectors, the inputs X, are {p,l;) matrices, and
the unknown parameter vectors f; are (k;, 1) vectors.

As to the errors u;, the following assumption is made.
Assumption 3.1 — Two error components. The error vectors u;, decompose as
Uy =e,+&;
where ¢, and ¢, are independently distributed as
e,~N,0,I') and ¢,=N,0,4),

with I'" positive semidefinite and 4 positive definite,* both of order p.

*I' may very well be singular (in fact it may be the null matrix), but 4 has to be non-singular
if the disturbance covariance matrix is to be non-singular. See formula (3.8).
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From Assumption 3.1 we derive that®
Euuy=T+4 if i=j, t=s,
=r if i#j, t=s,
=0 if t#s. (3.2)
Define the (p, q) matrices and (pq, 1) vectors

Vi=(uylizp,.. . u,) and u=vecl, t=1,..,T (3.3)
Then,

q
EV,V,=Y Ewu,=q(l'+4) if t=s
i=1
=0 if t+#s. (3.4)

Further, the (pg,1) vectors u, (t=1,...,T) are independently distributed as
N(0, ), with

r+4 r ... T
r r+4 .. T ,
Q= L .=, +1,4, (3.5)
r r .. r+4
where s, is a (g, 1) vector of ones. Let
M=(1/g)s,s, and W=A+ql, (3.6)
then Q can be written alternatively as
Q=MQW+(,—M)® 4. (3.7)

Notice that M is an idempotent symmetric (g, ) matrix with rank 1, and that
Wis a positive definite (p, p) matrix. Hence, it follows from Lemma 2.1 that

2| =|w]|al, (3.8)
and

Q=MW 1+(I-M)R4™ L. (3.9

5The symbol * denotes the transpose of a vector or matrix.
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One further verifies that
1
EVMV,=W and q——lEV,(I——M)ngA. (3.10}

We may now formulate the following theorem.

Theorem 3.1. The loglikelihood associated with the nonlinear regression
model (3.1) under the Assumption 3.1,is ¥ =Y [_, &, with

Z,=y—}log|W|—3(g—1)log|4|
—LtvMy, Wl LtuV(I-M)V, 471, (3.11)
or equivalently,
&, =y—%log|W|—4(g—1)log|4|
I WA, (3.12)
where

y=—3pqlog2n,  u,=y,— filX., B

and V, is defined in (3.3) and M and W in (3.6). [

Several comments are in order. First, it is readily appreciated that,
although the complete disturbance covariance matrix of model (3.1) is of
order pqT, the loglikehood only contains matrices of order p. Maximum
likelihood estimates of the parameter vectors f; (i=1,...,q) and the error
component matrices I and A are obtained by maximizing ¥ with respect to
the f; (i=1,...,q) and the p(p+ 1) parameters in I" and A4 (taking into account
the symmetry of I" and 4). This involves maximization over ) 7. k;+ p(p+1)
parameters. This number may be prohibitively large, and for that reason we
will concentrate ¥ with respect to I' and 4 in the next section. Of course,
equality restrictions on the f’s (like ff;=f;) are easily incorporated and also
reduce the number of parameters.

Secondly, the maximum likelihood estimates of I' and 4, though
symmetric, will not necessarily be positive (semi)definite. One way to ensure
positive (semi) definiteness is to write

I'=L.L, and A=L,L, (3.13)
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where L, and L, are lower triangular (p, p) matrices, and to maximize ¢ with
respect to the p(p+ 1) parameters in L, and L, rather than I' and 4. One
may verify that the class of lower triangular matrices L and the class of
positive (semi)definite matrices are in 1-1 correspondence, apart from the
sign of the diagonal elements of L. Thus, to ensure a unique correspondence
we demand that [£>0 and £?>0, where I and [ (i=1,...,p) are the
diagonal elements of L. and L,, respectively. These inequality constraints can
be incorporated in % as follows.® Define

= i (9]~ 19) and a,= Z (1] — 1), (3.14)
Then,
o, +oy=0 if I9=0, D20 for i=1,...,p,
>0 otherwise. (3.15)
Let i be some large positive number (say 1,000). Then, maximization of
Lr=F — o+ oy (3.16)

will yield the required maximum likelihood estimates.”
Thirdly, inequality constraints on the f-parameters can be incorporated
quite painlessly. Suppose we know a priori that f;, say, is constrained by
aySfu<a;. (3.17)

Let o, be defined as

abE’ﬂik_a1|+lﬂik_a2|—(a2—al)' (3.18)

It is clear that o,=0 for a,£fs=<a,, and o,>0 otherwise. Hence,
maximization of

L= — uo, (3.19)

SIncorporating these constraints ensures that the L. and L, matrices that maximize % are
unique. While this may not be strictly necessary (the resulting I and 4 will be unique), it may
ease the optimization, in particular in cases where I" and 4 are close to being singular.

A must always be nonsingular, but I can (and frequently will) be singular. It may,
occasionally, be useful to constrain I to a singular matrix. This can be done by setting [£,=0
(the last diagonal element L). Note that /) =0 implies more than singularity; it implies that the
whole first row and column of I" are zeroes.

JE C
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where p again is some large positive number, will yield the maximum
likelihood estimates under the constraint (3.17).

Darrough, Pollak and Wales (1980) estimate a model which is similar to
the one presented here, except that g (the number of income classes in their
case) differs from year to year, i.e., ¢ depends on t. Let g, be the ¢ in time
period ¢, and define the (g, ¢,) and (p, p) matrices

M,=(1/q)s, s, and W, =A+gq,l. (3.20)
In this case the loglikelihood is £ =) [_, ., with
&L, =y,—%log|W|—4%(q,— 1) log|4]
~Ltr VM VW, e V(I — M)V, A~
:Vr_%l()g lVVrl _%(qt“ I)log |A}
gt qt _
—%_Zl w4~ uy—(1/2q) 21 — 47 Ny (3.21)
i= i,j=
where

7= —3pg,log 2m.

A final comment: If I'=0, the model (3.1) reduces to the seemingly
unrelated regressions model [Zellner (1962)], as is evident from the following
corollary.

Corollary 3.1. (I'=0). The loglikelihood associated with the nonlinear
regression model (3.1) under the assumption that u,~N (0,4), A positive
definite, is ¥ =) [_, &, with

&L,=y—%qlog|d|—strV,V; 4
—%qlog|A|—%_il WAy O (3.22)

4. The loglikelihood concentrated w.r.t. I' and 4

We saw in the previous section that — in the absence of equality
restrictions on the s — the number of parameters in ¥ is Y -, k;+p(p+1).
This number may be quite large. In order to facilitate the estimation, we
shall now maximize ¥ with respect to I' and 4 only (keeping the [’s fixed).
This will yield explicit expressions for the maximizing I and 4, and we may
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therefore concentrate .# with respect to these two matrices. The concentrated
& then contains only Y ?_, k; parameters.

This exercise is only possible, it seems, if g {the number of industries, say)
does not depend on t. In case the loglikelihood is given by (3.21), we are not
able to find explicit expressions for the maximizing I" and 4.

Rules of differentiation and some related results that are used in the

following are presented in appendix 1.
Starting from (3.11), we have

&, =y—%log|W|—3(g—1)log|4|
e MVIW =Lt V(I - M)V, A7 1. @.1)
Totally differentiating with respect to I and A yields
4%, = —Luw tdW—Li(g—1)tr4-*dA
—Ltr VMV.AW 'Lt VI —M)V,d4 !
=—3tr W 'dW—1(g—1)tr4-1d4

+Ltr VMV, W {AW)W  + 3t V(I — M)V, A~ 1 (dA)4 .

Hence,
dZ, =+t W [y MV, —W]W W
+itr A7 V(I -M)V,—(g—1)4]4 1 dA. 4.2)
Let
N T
W= W"1<Z V,MV;—TW) w1, 4.3)
t=1
and
- T
A=A'1<Z V,(I—M)V;—(q—l)TA>A“1. 4.4
t=1
Then,

T
d¥ =5 dZ,={tr WdW+4itr 4 d4.
=1
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Since we wish to maximize . with respect to I and 4, we substitute W=
A+qrl, so that

dF=3tr Wd(4 +qI')+4tr Ad4
=q/2tr WdTI' +5tr (W+ 4)d4
=q/2(vecdI" Yvec W+ 3(vec dA) vec(W+ A).
The symmetry of I' and A4 is properly taken into account only if we
differentiate with respect to the ‘essential’ elements of I' and 4, ie., with
respect to o(I") and v(4).® We therefore write
vec dI'=Ddu(I') and vecdd=Dduv(4),

where D is the duplication matrix defined in (A.1). This yields

d.# =q/2(D du(I" )y vec W+1(D dv(4)) vec (W+ ),
and hence
d.# =q/2(do(I")y D' vec W+ (do(4)y D'vec(W+ A). (4.5)

Necessary for a maximum is that d.¢ =0 for all do(I")#0 and du(4)+#0. This
gives

D'vecW=0 and D'vec(W+4)=0.
Because Wand A are symmetric, we may write this as
D'Du(W)=0 and D' Du(W+4)=0,
that is
W(W)=0 and o(W+4)=0,
since D'D is non-singular. This implies that
W=0 and A=0,

and hence, by (4.3) and (4.4),

= 1)T,; V(I — MV, (4.6)

8p(I') contains the elements on and below the diagonal of I'. See appendix 1 for details.

1 T
W=_3% VMV, and A=
thl
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We can now concentrate the loglikelihood by substituting the expressions for
Wand 4 from (4.6) into ., using (4.1). This yields

T

T
F=> L =yT-$Tlog|. ZV,MV’
t=1

T

Z V{I— M)V ' pT—iplg— 1T

t=1

—%q—l)Tlog

—1
=1ipq T(log T+quog(q— 1)—log2n— 1)

~1 T(log
t

Summarizing, we have proved the following theorem.

T

Y V,u—M)V;').

Vii+(g—1)log

T
> VM
=1

Theorem 4.1. Consider the model (3.1) under the Assumption 3.1. Maximum
likelihood estimates of the parameter vectors f,,...,[, are obtained by
minimizing the scalar function

T T
d(By,....B)=log Z (g—1)log Z V{I— M)V, 4.7
with respect to B,...,f,, where
V;=[u1t(ﬁ1)a"'7uqt(ﬁq)]’ t=1"'"7;
are the (p, q) matrices of disturbances defined in (3.3).
IfB,,.. .,ﬁq are the ML estimates so obtained, and
I7t: [ult(ﬁl)a RRR] uqt(ﬁq)]’
then the ML estimates of A, I and W are
~ 1 T o
A= V(i— M)V, 4.8
- 1)T,; 1= M)V, (4.8)
. 1 LI o
F=r—" ¥ FigM -1V, (4.9)
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1L
W=-% VMV, (4.10)
T:=1
and the value of the maximized loglikelihood is
5 g—1
F =5pqT| log T+Tlog(q— 1)—log2n—1

—3Té(By,...5). O (.11)

Theorem 4.1 is a powerful result that simplifies the estimation
considerably. There is, however, one problem. While the estimated A and W
are always positive (semi) definite, this is not the case with I. Thus, if
minimization of (4.7) yields a I which is not positive semidefinite, we have to
employ the method of section 3 with I'=L_L, and A=L, L),

When p=1, the error structure reduces to the Balestra—Nerlove (1966)
structure, and I" and 4 reduce to scalars. From (4.8) and (4.9) we find

~ 1 T g 1z q 2
o= 2_ ] ; '
(q—' 1)T|:t;1 iizl Ha q tzl (,‘:zl un) :l (4 12)

and

=g 5 (S -3 5 @13

Balestra and Nerlove do not use y and § as their parameters, but
=y+4+6 and p=y/y+9).

It is clear that 7 (and hence §) may be negative. It is not surprising therefore
that our more general model possesses this same property.

An approach which seems to suggest itself, is to maximize £ with respect
to 4 only. Unfortunately the ML condition in that case does not lead to an
explicit expression for 4.

If I'=0 a priori, we have the following well-known corollary.
Corollary 4.1 (I'=0). Consider the model (3.1) under the assumption that

u, ~N(0,A), 4 positive definite. Maximum likelihood estimates of the parameter
vectors fy,..., B, are obtained by minimizing the scalar function

¢(ﬁ1’ ey Bq)zlog

T
PINAY
t=1
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with respect to fy,...,B, The ML estimate of A is
.~ 1 I
A=—% vy,
th; v

and the value of the maximized loglikelihood is

P =4pqT[logqT—log2n—1]—3qTP(B,,.... ). O

5. The information matrix

Let us abbreviate the parameters of our model (3.1) as

b o) B
ﬂ:(,; ) 9=<U(A)>’ ”:<9>’ o

where f, 6, and # are column vectors of order Y%, k;, p(p+1), and > k;+
p(p+1), respectively.

The precision of the ML estimators 5 and f can be stated in terms of the
information matrix defined by

Y,.= — E@2.%/on on).

The Cramér-Rao inequality tells us that, under general conditions, ¥7'is a
lower bound for the covariance matrix of any unbiased estimator of § and 0.
The asymptotic information matrix is defined as

¥=lim (/T)¥;,

T—w

and, since for T— o0,

JTH—m—-N@O, ¥,

we may, for finite 7, use ¥;' as an estimator for cov(d). ¥;' is usually
referred to as ‘the asymptotic covariance matrix’ of #.

The information matrix ¥, is block-diagonal in § and 6 [see Heymans
and Magnus (1979)], so that the asymptotic covariance matrix for 6 can be
obtained independently from that of f.
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Theorem 5.1 — Asymptotic covariance matrix of ff. Consider the model (3.1)
under the Assumption 3.1. Define the (p, k;) matrices

Hy=(0f( X B)/0B),  i=1,...q, t=1,...T (5.2)

and the (k;, k;) and (k; k;) matrices

T
Cy=Y H,(W—A"DH, ij=1...q (53)
1=1
and
T
D=3 HyA 'Hy i=1,...q. (5.4)
t=1

Then the information matrix for f=(f1,..., ;) is

Jeu e oo
pP——| : Dol | (5.5)
1 c 0 D

Cy ... Cy ;

and its inverse is the ‘asymptotic covariance matrix’ of . [

Its counterpart for § is contained in Theorem 5.2.

Theorem 5.2 — Asymptotic covariance matrix of 0. Consider the model (3.1)
under the Assumption 3.1. Let P(A) and R(A) denote the following matrix
functions of a (p, p) matrix A:

P(A)=D(ARAD, R(A)=D*(AQAD"". (5.6)

The information matrix for v(I') and 1(A) is the (p(p+ 1), p(p+ 1)) matrix

2 -1 -1
IT[q POV qP(W ) )} 57)

po 1
T eV POV +@- P4
and the ‘asymptotic covariance matrix’ of the ML estimators oI’y and v(A) is

po-1___ 2 [R(A)+(q—1)R(W) —qR(A)]_ .

g (q—1)T —qR(4) q*R(4)
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Given the asymptotic covariance matrix of o(I"), we can test the null
hypothesis I'=0, using the Wald statistic

(¢*(@—DT/2)o(I" Y[R(A) +(g— DRW)] '), (59
which is asymptotically ¥? distributed with 4 p(p + 1) degrees of freedom.
If '=0 a priori, Theorems 5.1 and 5.2 reduce to:

Corollary 5.1 (I'=0). Consider the model (3.1) under the assumption that
u, ~N(0, A), 4 positive definite. The information matrices for § and v(A) are

D, 0
ye— and 'P(TA):%qTP(Afl), (5.10
0 D

q

where D; (i=1,...,q) is defined in (5.4) and P(4™') in (5.6). The ‘asymptotic
covariance matrix’ is

— |
D! o 1 o |
. | .
B p;t 0
A N (5.11)
|
= R(4
0 0 uT (4)
1 —

6. A linear case: Concentration w.r.t. f§

The linear version of the nonlinear regression model (3.1) 1s
V=X B + i, i=1,..,q9, t=1,...T, 6.1)
a special case of which is
Ve=XBi+u, i=1,..,q, t=1,...,T 6.2)

where y, and u;, are (p, 1) vectors, the inputs X, are (p, k) matrices, and the
unknown parameter vectors f; are (k, 1) vectors.

It is easy to think of many examples where model (6.2) is appropriate. In
Magnus and Woodland (1980), e.g., y, is a vector of p cost shares for
industry i in year t. The cost shares are linear in the input prices, and since
each industry faces the same prices, this leads to (6.2).
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As to the error vectors u;,, Assumption 3.1 (two error component matrices)
is maintained. Specification (6.2) is attractive because, as we shall see, explicit
and simple expressions can be derived for the f5; (i=1,...,q) that maximize
the likelihood. In other words, it enables us to concentrate the loglikelihood
with respect to f,,..., 8,

Let us write (6.2) in stacked form as

y=U®X)B+u, t=1,...T (6.3)
where
Yir B Uy,
=1, B=|:| w=|:| (6.4)
yqt Bq uqt

There may be restrictions on the f; that we want to incorporate in the model
(and test, see section 7). Only simple restrictions of the type f;=f;=p, are
considered here, and these are formalized as follows.

Definition 6.1. Let I be the set of integers (1,2,...,¢9). Then r mutually
exclusive and exhaustive subsets «, (h=1,...,7) can be defined as

Ty :(1’23'”7 ql)a

=0 +1,9:+2,..,9,+4,),

T,=(q;+q+ " +q_1+1,...4.+q:+ " +4q,),
with

r
z an=4q.
h=1
Note that n, contains g, integers.

Assumption 6.1. Fori=1,2,...,qand h=1,2,...,r,
B;=p, ifand onlyif iem,

The assumption simply states that, instead of g f-vectors, we only have r.
These we denote as B,,B,....,B,.. For example, suppose g=8 and let the
restrictions be B, =p, and f;=0,=85=f¢. Then r=4, and ¢q,=2, q,=4,
43 =44=1. Further, 31=ﬁ1=ﬂ2a Ez=ﬁ3:ﬁ4=ﬁ5:ﬁea Bszﬁ% /74:ﬁ8'
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Let
B=(By... - B,
a (kr, 1) vector, then f and f are related through

p=(N®IP. (©.3)

where N is the blockdiagonal (g, r) matrix

N= @ , (6.6)

where all undesignated elements are zero. Combining (6.3) and (6.5) the
model now reads

y=(N®X)f+u, t=1,.,T 6.7)

Theorem 6.1. Consider the linear regression model (6.2) under the
Assumptions 3.1 (on the error vectors) and 6.1 (on equality constraints among
the [’s). The maximum likelihood equations for the B,(h=1,...r) are given by

Bu=A'a+B (b,—b), h=1,..,r (6.8)

The ‘asymptotic covariance matrix’ of the ML estimators [i, (h=1,..,r) is
described by

as.var () =(1/g) (4 ' =B~ Y)+(1/g,)B" ",
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and
as.cov(B; B)=(l/gfA ' =B 1Y),  i#h,

where

T T
A=Y X,W X, B=)Y X,4A7'X,
t=1 t=1

M~

T T
a= ZIXZW”JZ, b= X473, bﬁzl X147 Py
= P

t=1

q
b= Y v Iw=Wa) X v h=l.r O
e

Jjem,

Two special cases are of interest. If r =g, there are no restrictions on the f;
and N =1, The ML equations for the §; (j=1,...,q) are then given by

T -1 T
e £
t= t=1

T

T -1
+(21X£A“1Xt> ZlXQA”(y_;ﬁm (6.9)
t= t=

If r=1, all B, are constrained to be equal and N =s,. Then,

T

ﬁl=ﬁz="'=b’q=<iXLW‘IXJ_I Y Xiw . (6.10)
t=1 t=1

There are at least four ways in which the rk+ p(p+ 1) parameters (5,,...,f,.
I', A) of the linear model (6.2) can be estimated. First, maximization of the
complete loglikelihood is possible (Theorem 3.1). This involves maximization
over all parameters. The loglikelihood, however, is very simple. Also,
the constraint that I' and A be positive (semi)definite i1s easily imposed
by letting I'=L.L, and A4=L,L), as described in section 3. A
second possibility is to maximize ¥ concentrated with respect to I" and 4
(see section 4). The number of parameters then reduces to rk, but, as noted
before, there is no guarantee that I’ is positive semidefinite. A new possibility,
which did not exist in the nonlinear model, is to concentrate . with respect
to f,..., B, and then maximize the concentrated likelihood with respect to I’
and 4. Thus, the concentrated likelihood is given by (3.11) or (3.12) with V
defined in terms of the ML f’s. This involves maximization over p(p+1)
parameters only. Moreover, the requirement that I' and 4 be positive
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(semi) definite can be taken into account, as before, by letting I'=L L and
A=L,L,. A fourth possibility is to ‘zigzag’ between the explicit solution of
B, (h=1,..,r) in terms of I and A given by (6.8), and the explicit solution
of I' and 4 in terms of the f, [formulae (4.8) and (4.9)].

The ‘zigzag’ procedure is — in our experience — the cheapest of the four,
but obviously does not guarantee a positive semidefinite I’. For that reason,
the third possibility (concentration w.r.t. B,,...B) is our favourite. Indeed,
optimization of a nonlinear function over 12 (p=3) or even 20 (p=4) or 30
{p=>5) variables is a straightforward computer routine.

If I is known to be the null matrix, Theorem 6.1 reduces to:

Corollary 6.1 (IF=0). Consider the linear regression model (6.2) under the
assumption that u,~N(0,4), A positive definite, and Assumption 6.1. The
maximum likelihood equations for the , (h=1,...,r) are given by

ﬁﬁ(iX:A“X,)_lix;A1;,,,, h=1,...r,
= P
where

}‘mt:(l/qh)j;[ Vio h=1,...r.
Further, h

~

T -1
as.var(ﬁ,,):(l/q,,)(Z X;AlX,> ., h=1,...r
=1

and the as.cov(B; By =0 for i+h=1,..,r.

7. Wald tests

The linear and nonlinear regression models with two error component
matrices, as discussed in the previous sections, suggest two hypotheses of a
different nature. The first hypothesis is

Hy: =0,

and can be tested using the Wald statistic (5.9). or the appropriate likelihood
ratio statistic. In both cases the statistic is asymptotically y? distributed with
L1p(p+1) degrees of freedom.

The second hypothesis (or rather set of hypotheses) concerns equality
restrictions on the parameter vectors f, f,,.... 3. In the nonlinear model we
have assumed that B; is a (k;, 1) vector. In the present section we shall assume
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that all B vectors have the same order, ie., k;=k (i=1,...,4). Examples of
simple hypotheses are

Hy:f3=Ps or Hgy:Br,=p3=Ps

and of course

Ho¢ﬁ1:ﬁ2="':ﬁq'

An example of a composite hypothesis is

Hy:(By=B,=p5 and B,=p;).

Since we have discussed estimation of the constrained and unconstrained
models (both linear and nonlinear) in sections 3 to 6, likelihood ratio tests
can be straightforwardly performed. If, however, the model contains many
parameters, execution of likelihood ratio tests can be quite costly. For that
reason, let us take a closer look at the Wald test.

Define, as before,
n,=(1,2,...,q) and 7,=(q,+1,9:+2,....4;: +q,),
with g, + g, <q. Suppose we wish to test the hypothesis
Hy:p;=p, for iem, h=1,2, (7.1)
employing a Wald statistic. That is, we wish to test the composite hypothesis

that f, =f,=---=8, and Bo+1= " =Bar2=""=P4, 40, Define the kq, and
kq, vectors ‘

| ﬂl ﬁq1+1
Bi=|: and f,= > (7.2)
Bql ﬂq1+q2

and for h=1,2 the (g,— 1, g,) matrices

(7.3)
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where s, , is a vector of (g,—1) ones. Then (7.1) can be rewritten as

AR

or even shorter as

Hy:Rp=0, (7.5)

E:(’B‘ R02>®1k and B=(§:> (7.6)

Let Q be the asymptotic covariance matrix of B, the ML estimator of . The
appropriate Wald statistic to test H, is

where

3

'R'(RQR)"' Rf, (1.7)
which is asymptotically y? distributed with k[g, 4+ g, —2] degrees of freedom.

In the nonlinear case, (7.7) can -— in general — not be simplified. The linear
model (6.2), however, yields by Theorem 6.1

Q=(1/q)Sg, 1,5, +0, @A =B Y41, ., ®B . (7.8)

Since R,,sqh:O, h=1,2, we find that

___ (RR, O -
R = B 1, 7.9
Re ( 0 RzR’z>® 79
and
_ o [(RYRR) 'R, 0
R(RQR) ‘R=(""71* B. 7.10
L R LIl

At this point we need the following lemma.

Lemma 7.1. Let A be a non-singular (q—1,q— 1) matrix and let a be a (¢—1,1)
vector. Define the (q—1,q) matrix B=(a: — A). Then,

B(BB) 'B=1,—(1/b'b)bb’,

1
b:(A_la) U

where
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In the special case of Lemma 7.1 where

A=I, | and a=s

q,— 1>

we have
B=R, and b=s,,

Hence,
Ry(RyR,, ) —(1/q4) Sq, Sq,,—I ~M,

The Wald statistic (7.7) now reads

I-M)®B 0
0 (1~Mz>®3>

=B [(1— M) ® B1B, + Fol(1— M) ® BIf, =W, + Wi,

weg (o) (g ol p) ez

Summarizing we have proved the following theorem.

=N
=N

with

Theorem 7.1.  Consider the linear regression model (6.2) under the Assumption
3.1 (two error component matrices). Let B,,...,ﬁq be the ML estimators for
B1.... B, without imposing any equality constraints. The Wald statistic to test
the hypothesis

Hy:Bi=B, for iem, (7.11)
is
WhEZ (B; BB)) (1/qh><42 B‘,-)'B(z Bj) (7.12)

where

T
B=Y X;4"' X,
t=1

W, is — under H, — asymptotically x? distributed with k (q,—1) degrees of
freedom. The Wald statistic to test the composite hypothesis

H,:p;=p, for iem,  heH, (7.13)
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where H is a subset of {1,2,...r}, is

Wy=Y W, (7.14)

heH

and is — under H, — asymptotically y* distributed with kY .y (q,—1) degrees
of freedom. [

Thus, if the model under consideration is the linear regression model (6.2),
testing of all possible equality restrictions on the f; vectors is feasible, using
the Wald statistic of Theorem 7.1. Execution of these tests is extremely
inexpensive. Notice that Theorem 7.1 remains true without any alteration,
when Assumption 3.1 {two error component matrices) is replaced by the
simpler assumption that u;, ~ N (0, 4), i.e, the assumption that I'=0 a priori.

8. An extension of the two components model

So far, we have discussed the nonlinear model (3.1)
Vie= fd X B) + i=1,...,q, t=1,...T,
and, as a special case, the linear model (6.2)
V=X, B+ uy i=1,..,q, t=1,...,T

In both cases, the error vectors u; were supposed to decompose as u,=e,+g;,
with e, and ¢, independently distributed as N ,(0,7") and N (0, 4) respectively
(Assumption 3.1).

This assumption on the error structure is (and obviously has to be)
restrictive. The question arises whether it is too restrictive. In the present
section we will discuss an extension of the error structure (3.1). This is laid
down in:

Assumption 8.1. The error vectors u;, decompose as u;, =e, +¢;, where ¢, and
&, are independently distributed as

e,~Ny0,I') and ¢,=N(0,4;4),
with I' positive semidefinite, A positive definite, both of order p, and 4,
(i=1,...,q) positive.

The only difference between Assumptions 3.1 and 8.1 is that the latter
assumption allows the covariance matrix of ¢; to differ for each i (industry,
say) by a factor of proportionality. The following rationale for introducing
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Assumption 8.1 can be offered. Suppose we have observations on p cost
shares during T years for each of ¢ industries. The natural starting point is to
analyze each industry separately by applying a Zellner-type estimation. In
terms of our Assumptions 3.1 and 3.8, this means that u,~N (0,4,
Assumption 3.8, combining the error component approach with the
possibility that A differs from industry to industry (by a factor of
proportionality), thus seems potentially useful.

It should be noted that, without a further constraint, only ratios of A’s can
be identified, but not the A’s themselves. For that reason we normalize the A’s
in the following way that will prove convenient.

Normalization 8.1. trA~'=gq, where A is the diagonal matrix with 4,,..., 4,
on the diagonal.

Proceeding now as in section 3 we find [eq. (3.5)]°
Q=550+ 4@ 4. 8.1

From Corollary 2.1 follows its determinant [eq. (3.8)]

2] =l [wlaje, (8.2)
and its inverse [eq. (3.9)]

Ql'=A""MAT'QW 1 -4 H+ A7 @4 (8.3)
Hence, Theorem 3.1 should be altered to:

Theorem 8.1 [3.1]. The loglikelihood associated with the nonlinear regression
model (3.1) under the Assumption 8.1, is ¥ =Y [ %, with

q
L=y+5p Y log|i | —$log|W]|
i=1
~Hg—Dlog|d|—Ltr VA~ MA Vw1
L V(AT — AT IMAT YV A, (8.4)

“The notation indicates that formula (8.1) is the counterpart of formula (3.5) when Assumption
3.1 is replaced by Assumption 8.1. Hence, for A=1, (8.1) reduces to (3.5).
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or equivalently,
q
Li=r+ip ) log |4; !|—%log|W| —4g— 1) log|4|
1P -1, -1 SR -1 -1
_5ZM w, 47" uy, —(1/2q) Z A Aj uy (W=7 — A7 Dy,
iT1 ij=1

O (8.5
Maximization of % is to be performed under the constraints 4,>0

(i=1,..,q9), i 4 '=q, and I and A positive (semi)definite. The
normalization ) ; A7 ' =g can be incorporated by substituting

e l=q— z At (8.6)
To account for the inequality constraints 4;>0 we define

a—qillﬂf% f‘Zlif‘ - (8.7)
l—i:1 i q = i q .

Hence, o,=0 if 4,20 (i=1,...,q) and o, <0 otherwise. Let u be some large
positive number. Then maximization of

L= o, (8.8)

will yield the required ML estimates. The same comments that followed
Theorem 3.1 apply here, in particular as to the required positive
(semi)definiteness of I' and A.

The loglikelihood of the extended model (under Assumption 8.1) can be
concentrated with respect to I and 4, but not, it seems, with respect to A.
This leads to Theorem 8.2 which is the counterpart of Theorem 4.1.

Theorem 8.2 [4.1].  Consider the model (3.1). Under Assumption 8.1 (instead of
Assumption 3.1), Theorem 4.1 remains true if the following alterations are made

$Br.. By N)=p _i log ] +1log

T
3 V,A‘lMAlV;’
t=1

T
+g—Dlog| Y V(A ' —A"tMA YV, 8.9)
t=1
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- 1 LN ~
A:(qﬁl)Tzl VA — A" MA Y, (8.10)
t=
N 1 ~
PR S N -
W= Y Va7 M7, (8.12)
=

N —1
gz%PqT[IOgT+q log(q—l)—log2n—1]

Notice that I from (8.11) — just as I" from (4.9) — is not necessarily positive
semidefinite. Turning now to the information matrix, we have the following
adaption of Theorem 5.1.

Theorem 8.3 [5.1]. Consider the model (3.1). Under Assumption 8.1 (instead of
Assumption 3.1), Theorem 5.1 remains true if C;; and D; are replaced by
Ct and DY, where

C?‘j:i;l;'flcij and D;k‘:)y;lDi. [

Theorem 8.3 gives the information matrix (and hence the ‘asymptotic
covariance matrix’) for f;,...,, The natural way to proceed would be to
derive the information matrix for A, I, and A. The relevant calculations,
however, turn out to be extremely cumbersome. The counterpart of Theorem
5.2 is therefore not presented.

In the linear case y,=X,pf;+u, we can again solve the f’s explicitly in
terms of A, I', and A (Theorem 8.4) and perform the relevant Wald tests
(Theorem 8&.5).

Theorem 84 [6.1]. Consider the linear regression model (6.2). Under the
Assumptions 8.1 (instead of Assumption 3.1) and 6.1, Theorem 6.1 remains true
if gy, ¥, and y,, are replaced by g¥, V¥, and y¥, where

_ _ 14 . B
qir: Z }'j 1’ yt*:_ Z lj 1}’,‘:; yf, Z /{ yﬁ D
Jem, qj=1 h jem,

Theorem 8.5 [7.11. Consider the linear regression model (6.2). Under
Assumption 8.1 (instead of Assumption 3.1), Theorem 7.1 remains true if W, is
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replaced by

=Y A 1B BB;— l/q,’f)('z ,1].1/?1.>/B<z ;.J.lﬁj>, (8.14)

jen, jem, jen,

where

= z ,1].“1, ]

jem,

To end our discussion of the extended two components model we have to
formulate corollaries for the case where I'=0. The error vectors u; then
follow the distribution

uy >N ,(0, 2,4),

with A positive definite and 4,,...,4, positive. This specification of the error
structure, clearly, is a generalization of the standard Zellner-type of
estimating seemingly unrelated regressions, and therefore interesting on its
own account. The following four corollaries describe the estimation in this
case without further discussion.

Corollary 8.1 [3.1]. The loglikelihood associated with the nonlinear regression
model (3.1) under the assumption that u,~N ,(0,4;4), A positive definite, is
=L L wih

ZL,=y—3%p Xq: log|A]|—%qlog|d|—4trV, At V;47!

=y—1ip Z og‘li]—%qlog]z]]~%_ Alup AT . O (8.15)

Corollary 8.2 [4.1]. Consider the model (3.1). Under the assumption that
u,~N(0,2,4), A positive definite, Corollary 4.1 remains true if the following
alterations are made

1)

By B =P z log| 2 +1og| Y: %4™"
d=(1/aT) ¥ 5,40

F =4pqTllogqT—log2n—11-3qTd(B,,... B, A). O
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Corollary 8.3 [5.1]. Consider the model (3.1). Under the assumption that
u, ~ N (0, 4;4), A positive definite, the information matrix for B is

AriD, 0
P — , (8.16)
0 Ag 1D, |

where D, (i=1,...,q) is defined in (5.4). Hence,
as.var(B)=24D;' and as.cov(B;B)=0. O

Corollary 84 [6.11. Consider the linear regression model (6.2). Under the
assumption that u,~N(0,2,4), A positive definite, and Assumption 0.1,
Corollary 6.1 remains true if q, and y,, are replaced by qF and ¥, where

ai=Y 4" and FE=(0/gf) Y v O

jem, jem,

Appendix 1: The duplication matrix, traces, and differentials

Differentiation with respect to symmetric matrices is a delicate matter. The
crux lies in the fact that we should only differentiate with respect to the
distinct elements of a symmetric matrix. Let 4 be a (p, p) matrix, then v(A) will
denote the 1p(p+ 1)-vector that is obtained from vec A by eliminating all
supradiagonal elements of 4. For example, if p=3,

—_ ’
veC A=(a;; a1 a3, 4y, a5, a3 d13d330d33),
and
’
W(A)=(ay; ay; a3, a3, a3, 433)"

Thus, v(4) contains the distinct elements of a symmetric (p,p) matrix.
The (p2,4p(p+1)) duplication matrix D performs for symmetric A the
transformation

Dv(A)=vec A. (A1)

The duplication matrix is studied extensively in Henderson and Searle
(1979) and Magnus and Neudecker (1980). D is uniquely determined by (A.1),
and has full column rank {p(p+ 1). Hence, D'D is non-singular and D¥, the
Moore-Penrose inverse of D, equals

D* =(D'D) ' D.

For p=3, we have
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For a (p, p) matrix A4, we define the & p(p + 1), $ p(p + 1)) matrices
P(A)=D(A®A)D and R(A)=D*"(A®AD*"

From Magnus and Neudecker (1980) we then have for non-singular A4,

P(ATYR(A)=1, (A.2)
and

Ine Nl _Aa—4pip—1)| alp+1 AN

|R(A)j=2 |A| {AD)
The following two results on traces are used:

(vec A)Y'vec B=tr A'B, (A.4)
if A and B have the same order, and

(vec A)Y(B®C)vecD=tr DB'A'C, (A.5)

if the R.H.S. exists.

Finally, we apply the following standard facts in matrix differentiation [see

dXY)=(dX)Y+ XdY, dtr XY=tr(dX)Y+tr XdY.
For every non-singular X,

dX '=-X"'dx)x 1,
and if [ X|>0,

dlog|X|=tr X ~'dX.
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Appendix 2: Proofs

Proof of Lemma 2.1. (i) is a well-known result [see e.g. Rao and Mitra (1971,
lemma 5.4.1)]. (iv) follows from (i), and (iii) from (i1). Let us proof (ii). By
Schur’s Theorem [see Bellman (1970, p. 202)] there exist non-singular
matrices S; that reduce A4; to triangular form: S;'4,5;=P, (i=1,...,5) where
P, is a lower triangular (p,p) matrix containing the eigenvalues of 4; on its
diagonal. The matrices M; are symmetric and idempotent. Hence, there
exist (n,r;) matrices T; such that

M=TT, TiT=1,, i=1,..,s

The r; columns of T; are of course the eigenvectors of M; associated with its
unit elgenvalues. From MM ;=0 (i#)) follows

T:T,=0, i#].
Let the (r;, n) matrices Z; be defined as
Z,=[0:1,:0], i=1L,..,s

where the first null-matrix has (r,+r,+'--+r;_;) columns, and the second
(ris1+7rie2+ - +r) Then,

Y ZiZ=1,
i=1
Using these results, it is now easy to verify that the (np, np) matrices
Q= Z (TZ;®S;) and Q,= Z (S$:®TZ)
i=1 i=1
are non-singular with inverses
Q7= Z (Z:T:®57!) and Q;'= Z (STI®Z;T)

and reduce 2, and Q, to triangular form:

07'Q0i= 3 (LiZ®P),

0:'9,0,=Y (P,®ZZ)

i=1

The result follows. [
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Proof of Lemma 2.2. First assume that B is non-singular. Then
G=(L® B)[I®I+L 'ab®B ' A].
Let 4; (i=1,...,p) be the eigenvalues of B"'A4. Then L 'ab’® B '4 has

eigenvalues a4, (i=1,...,p) and p(q—1) zeros. Hence, I@ [+ L 'ab ® B 'A4
has eigenvalues 1 +ad; (i=1,...,p) and 1, so that

U@I+L 'ab @B 14|=[] (1 +ak)=|I+4B 14|
i=1
Therefore,
|G| =|L|?| Bl |1 +2B~* A|=|L]|B]* " |C].

In case B is singular, we obtain |G| =0 starting with B+¢l, where ¢ is small and
B+ ¢l is non-singular. This yields

L& (B+el)+ab'® A|=|L[P|B+el|*"*|C+ell.

Letting ¢—0 gives the desired result. If L, B and C are all non-singular, one
easily verifies that GG~ !=I®I. Further, C"' AB"'=B ! AC™!, since

CB 'A=(I+aAB Y A=A(I+aB 'A)=AB 'C.
Finally,
1
C'AB '=—(B '-C™Y if a#0,
o
since
CB '-C YHY=(B+ad)B '—~I=ad4B™'. [
Proof of Corollary 2.1. Immediate from Lemma 2.2. []

Proof of Theorem 3.1. We write (3.1) as

yt:f(Xt9ﬁ)+un t=1,...,T; (A6)
with
Y1 Uy, By
= Yai > u,= u-ZI s ﬁ: sz B
yql uqt Bq_‘
and
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The (pg, 1) vectors u, are identically and independently distributed as N(O, &),
where Q is given in (3.7). Hence, the probability density of y, takes the form

(2m) P2 |Q texp—tu; Q ',
and the loglikelihood is
P,=—1pqlog2n—$log|Q|—3u,Q 'u,=y—Llog|W|
—3(g-Dlog|4| -} (MW ' +(~M)® 4 M,
using (3.8) and (3.9). Now, by (3.3) and (A.5),
UMW Yu=tr VMV, W1,
and

w([-M)@A4 Y, =tr V(I~M)V, 47",

which proves (3.11). Also, one verifies that

q
u;(1®A *1)7":: z u:’z 4~ 1uits
i=1
and

UMW =4 Yu=(1/a) 3 uy(W =4 Py,

i,j=1

This finishes the proof. [

Proof of Corollary 3.1. For I'=0, we have W =4, and Theorem 3.1 reduces
to Corollary 3.1. [

Proof of Theorem 4.1. See text. [

Proof of Corollary 4.1. 'The proof is similar to the proof of Theorem 4.1, but
simpler. Starting from (3.22),

Z.=y—4qlog|d|-Ltr v,y 47"
Totally differentiating with respect to 4 leads to

dP,=Ltr AL (V,V,—qA) 471 d4,
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and hence

T T
dz=Y d$,=%trA‘1(z V,V;—qTA>A1dA.
t=1 t=1

We find the ML equation for 4 to be
T
A=(1/qT) Zl Ve
=
Concentrating with respect to 4 leads to this well-known corollary. [

Proof of Theorem 5.1. Model (3.1),

Vie= flXip B) + i, i=1,..,q, t=1,...,T,

can be written as in (A.6)

yt:f(Xt3ﬁ)+uv tzls’T

and even more compactly as

y=g(X, ) +u, (A7)
where
[yl f(X B uy
P R o LAt R Ll
{y} 0 ur

From Heymans and Magnus (1979), we know that the information matrix
for B is the (O 4_, ki, Y #- k;) matrix

PP—HQ* 'H,

where Q* is the (pgT, pqT) covariance matrix of u, and H is the (pgT; Y ¢_, k)
matrix

(Y
H‘( 3B )
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We first evaluate H. We have

—0fl(X119ﬁ1) af;I(qu’ﬁq) a.fl(XlT’ﬁl) af;;(XqT’Bq

M) | Slad) | BeR) S
H'= : : : :
B HXKeB)  KinB) X Bl
B
H, 0 i iHg 0
o H, : 0 Hy

where H,, is defined in (5.2). Let ¢, be the tth column of I, and E;; the (q,q)
matrix with unity in its ijth position and zeroes elsewhere. Then,

T
%, @@ E,® ;). (A8)

M=

H=

L3

11

The covariance matrix 2* equals
*=1,®0,

where 2 is defined in (3.7). Hence

I =LIM®W -4 H+1[; 1,47, (A.9)
and

PP—HQ* 'H

M=
M~

(e ®E;®H})

1

i,j=1t,s

X[ @MW =AY+ ;1,84 (e, QE;®H})

q T
= ¥ Y e ®EME;@H, (W™ =4~ YH,

i,j=1t,s=1

T
Y €,e,E;E;®@H;, A" H

1

»

i,j=1ts
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T
Z (I/Q)Eij®H;‘t(W¥1_A‘l)Hjt

ihj=1t=1

D=

It

+ 2

4q
i=1

T
Y. E;®H, A7 'H,
t=1

~(1/9) 3 Ei,-®<t; H:-,(Wl—Al)H,-,>

Lj=

e

+

]

i=1

T
Ei,-®<2 HE,A”HH)- O
t=1

Proof of Theorem 5.2. Recall from (4.5) the first differential of &,
dZ =(q/2(dv(I")y D’ vec W+ (dv(A)y D'vec(W+ A).

We first calculate the expectations of the differentials of Wand 4,
sz(dW‘l)(Z V,MV,— TW> w-!
t
+ W‘1<Z V,MV,— TW)(dWl)— TW Ydw)w 1L
t

Since EV,MV,=W [see (3.10)], we have
—EdW=TwW Y(dw)w ..
Similarly,
—EdA=(g—1)TA™Y(da)a .
The second differential of & is

d2 % =(g/2)(dv(I) D' vecd W +1(dv(4)) D' (vecd W + vec d A).
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Hence
—Ed*% =(qT/2)}dv(T))y D' vec[W Y@ W)W ']
+H(T/2)(do()) D' vec [W Hd W)W "1 +(g— )4~ dA)4™ 1]
=(gT/2)dv(D)yD'(W 1@ W YHdvec W
+H(T/2)(do(N)Y D' (W1 ® W~ 1)d vec W
+((q— D) T/2)(du(A)y D'(4™' ® A4~ *)d vec 4.
Since
dW=dA+qdl,
and
dvec 4=Ddu(4), dvecI'=Ddu(I"),
we have

—Ed* 2 =(qT/2)(du(I)yD'(W™ ' ® W~ ')Ddv(4)
H@T/2(do(D)y (W' @ W™ )Ddu()
+(T/2)du( )y D'(W ™' ® W™ !)Ddu(4)
+(qT/2)(de( )y D'(W ™' ® W™~ 1)Ddu(I')

+({(q— 1) T/2)(dv(4)) D'(4~* ® A~ ')Ddv(A).

The information matrix (5.7) then follows. One verifies the expression for

the asymptotic covariance matrix (5.8) by direct multiplication, since
PA"YR(A)=1,see (A2. O

Proof of Corollary 5.1. Immediate from the fact that I'=0 implies that
W=4. O

Proof of Theorem 6.1. Our starting point is (6.7),
y=(N®X)B+u, t=1...T,

where N is the blockdiagonal (g, r) matrix defined in (6.6). Let

Y1 Uy N®X,
y= > u=| . | X=
yr Ur N®X,

3
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then (6.7) can be written as
y=XB+u. (A.10)

A convenient way to represent X is as

X=> (e, ON® X)), (A.11)

el

t

where ¢, is the tth column of /. From Magnus (1978, theorems 1 and 3) we
know that the ML equation for f is

B=(X'Q* 1X) ' x'Q* "1y,
and that the asymptotic covariance matrix is
(XQ*"tx) L

independent of the asymptotic covariance matrix of the error components.
We first evaluate X'Q* ! X,

T T
X’Q*”X:<Z e;®N'®X;)(1T®Ql)< y es®N®Xs>
t=1 s=1

M~

(N® X)Q '(N®X)

1

W

t

T
=Y (NQX)MOW '—=A"H+I,®ANUN®X)
t=1
=N’MN®<ZX;(W‘1—A1)X,>
+N’N®(ZX;A'1X,>.
t

Now, let Q be the diagonal (r,7) matrix

0= _ , (A.12)
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then
q;]
, q>
N's,=0s,=| " |, (A.13)
.
and
N'MN=(1/q)Qs,s,Q and N'N=Q.
Let A and B be as in Theorem 6.1, then
X'Q* X =0s,50®(l/9)(A—-B)+Q® B, (A.14)
and its inverse follows from Lemma 2.2,
(X/Q*’1X)*=(1/q)s,s§®(A"—B’1)+Q’1®B’1. (A.15)

This is the asymptotic covariance matrix of B. In order to evaluate X'Q* 'y,
it is convenient to write y as

T g
y=Y 2 @" @@y (A.16)
where (" and ¢ are the rth and jth column of I and I, respectively. Now,

T
X/Q**lyz Z (e;T)/®NV®X;)(IT®QI)< Z Z e(T)®e(q)®yjs>
t=1

s=1j=1

q
Z N ® X (ey“ ® yjt)

Il
HM-.}

;N®X MW 1—A4 "N+, 4 PR y;)

q
$ o Sxiw a7, )
J= t
q
+j; N'e# ® (g X,4” 1yj,>
q
=% Nugpa(Sxw -,
i= t

+22Nw®@xa >

h=1 jen
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Since
1 .
N'Me?=-Qs, and NeW=el for jenm,
q
where €} is the hth column of I,, it follows that
X’Q*71y=er(>§(a—b)+hZ1 e’ ® guby, (A.17)
with a, b, and b, as in Theorem 6.1. Realizing that
$05=4. (1a) ¥ aiby=b. Q') =(1/g)ep
we find that
F=(X'Q* 1 X) ' x'Q* 1y
=5®(4 'a—B h)+ Y Q@B b,
K1
the hth subvector of which is
Br=A"'a+B '(b,—b. 0O
Proof of Corollary 6.1. 1f '=0, then W=A4, A=B, and a=b. []

Proof of Lemma 7.1. Let c=A 'a and C=(c:—1I,_,). Then

B=AC and B(BB) '‘B=C(CC) 'C.

Now

’

cc

CC'=1, ,+cc and (CC')*:I'I*_W'

Hence
10 1 1 ¢ 1
cce)y ic= — =I,~—bb
(ceyrc (0 I, 1) I+cc (c cc/> Y bb .
Proof of Theorem 7.1. See text. [

JE D
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Proof of Theorem 8.1. As the proof of Theorem 3.1, using (8.2) and (8.3),
and the results

WA MA T @W Yuy=tr VA~ MA™ WV W,
WA = A" MA Y@ A Yy =tr V(A — A" MA YW 4,
u;(A’1®A’1)u,=_Zq:1 A vl A7 ay,
u(ATMATT@W T — A" Y,

—(fg) Y AU W =AYy, O

i, j=1

Proof of Theorem 8.2. Totally differentiating (8.4) with respect to I and 4

yields
d#,= —4dlog|W|—4g—dlog|d|—5tr AT 'MA ' Vi(dW )
e AT = AT MAT YV (dATY)
=Ltr W VAT MA™' V,—WIW LdW
+3r AT V(A ' — AT MA YV, —(g—1)A]4 1 d4.
Hence
dz=/i 42, =i tr Wd Wit Ad 4,
with
ﬁV_W*(’ZT1 V,A‘lMA‘lV;ﬂTW)W‘I,
and

Z:Al(Z V,(A1—A1MA—1)V;—(q—1)TA>A*‘.
1

=1
Precisely as in the passage from (4.4) to (4.6), we find the ML equations for
W and A4,

T
W=(/T) Y. VA" 'MA~ 'V,
t=1
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and

A=(1/(q ~1)TZT: —ATIMAYY

Substituting these expressions for W and 4 into ¥ gives the concentrated
loglikelihood. The results follow. [

Proof of Theorem 8.3. The proof is similar to the proof of Theorem 5.1. In
particular, H' is as in (A.8),

T
Z (e ®E;®H}),

1t=1

M-n

and Q* ! is
P, R@A MAT'QW 1 -4 N+, 04 147
Hence

PP —HQ* 'H

~(l/g) ¥, E l,®ww<zH,(W1 *)Hj,)

i,j=1

+ i E;®@ A1 (ZH;,A*H,,). O
i=1 t

Proof of Theorem 8.4. As the proof of Theorem 6.1, but now with
=, @ATMA QW A H)+ [, @4 @47
We have
X 'X=NATMAT'N®Y XW~'—471X,
. t
+NAT'N@Y X;471 X,
t

Let
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Then
N'A™ s, =0%s,,
N'AT'MA™IN =(1/g) Q*s,5,0%,
NATIN=0%*
Hence
X/Q*—lX:Q*SrS;Q*Q()(l/q)(A—B)+Q*®B,
and
(X'Q* X)) =(1/g)s, 5 @4 ~B ) +Q* @B,
Further
q
X'QFly= -Zl N'A? MA“e&‘”@(ZXé(WI—A*‘)yﬁ>
i= t
g g v (g )
h=1jem, !
Since
N'ATIMA P =(1/q) 4,1 Q*s,
and

N'A P =]t efp for jem,

it follows that

X/Q*‘1y=Q*S,®(ZX§(W“‘—A‘)JZ*)
t
+3 e;,”@q;r(z X:A‘lﬁﬁ)
h=1 t

=Q*s5,®(a~b)+ Y &’ qi b,
h=1

In the present case,
5,0%s,=q, (1/q) hzl i by=b, Q* lel’=(1/g¥)e,

and the results follow. [
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Proof of Theorem 8.5. The argument is as in section 7. The appropriate
Wald statistic to test Hy is (7.7),

F R(RGR) 'Rf.
By Theorem 8.4, and the definition of Q*,

Q=(1/q)3,, +4,8,+4,®(A ' =B )+ ARB,

where

(4, 0 )
A= A, = t. A, =
[O /12}’ 1 . > 2

4y )'qﬁrqz

Since R, s, =0 (h=1,2), we find that

___ [R AR 0
RQR':[ S }@B“,

0 R,A,R;
and
_ o [Ry(R4,R)"'R, 0
R'(RQR’) 1R=< , L ® B.
0 R%(R,4,R5) 'R,

Now, for h=1,2, let A, be partitioned as

A,= Y '
0 C,

Define

Then, using Lemma 7.1,
Ri(R,A4R;)™ 'R, = A, *By(B,B;) " 'ByA, *
= Ay L, —(1/gh) Ay sy,5,, Ay 1A,

= A (/g Ay " 54,55, Ax L
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The Wald statistic (7.7) is W¥+ W% with

¥=Bul(A,  —(1/g) Ay Vs, s, Ay ) ® BB,

=2 1,7133331—(1/%1‘)(_2 /”»fl/?;),B(Z /‘u,‘ﬁ,-) a

jem, jem, jem,

Proof of Corollaries 8.1-8.4. The proofs are all simple and similar to their
counterparts 3.1, 4.1, 5.1, and 6.1. ]
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