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Introduction

Everybody has priors, Bayesians and non-Bayesians alike. The priors may
be vague and diﬃcult to make explicit, but they are there and they may be
important. The purpose of this paper is to show that we can make priors
explicit from our knowledge of the data and the posterior, and to apply this
theory to inﬂation forecasts and the perception of climate sensitivity.
Imagine a group of people (the “committee”) with a collective prior, perhaps based on knowledge and experience, perhaps on political beliefs, perhaps on short-term proﬁt. The committee meets privately and we have no
information about their discussions. But we do have scientiﬁc data (oﬃcial
“objective” statistics and scientiﬁc results) and we do have access to their
published predictions or policy recommendations, which they present to the
public. In other words, we have the data and the posterior, but not the prior
which the committee does not reveal and possibly may not even be able to
formulate or quantify. Can we recover the prior from the data and the posterior? Yes, this is indeed possible and we shall study the properties of the
recovered prior in some detail.
We present two illustrations of this theory: inﬂation forecasts by the
Bank of England, especially under the uncertainty about Brexit and the
corona crisis; and the estimation of the equilibrium climate sensitivity (ECS),
which is an important diagnostic in climate modeling. In both cases we are
interested to recover the prior beliefs of the decision maker: the Bank of
England and the IPCC, respectively.
The idea of reversing Bayesian thought and — rather than obtain a posterior from data and prior — recover the prior from data and posterior, does
not seem to have received much attention.1 The current paper attempts to
ﬁll this gap. Of course, the list of possible applications is endless. A political
party uses scientiﬁc data and publishes reports. From these two sources we
can recover their priors. Do these conform to the party program? Scientists
use data and write papers. The results in these papers may well be inﬂuenced
by prior beliefs or non-scientiﬁc prejudices. Can this inﬂuence be quantiﬁed?
Such questions can, in principle, be studied by the theory developed in this
paper.
In Section 2 we analyze how to recover the prior from the data and the
posterior within the framework of the normal distribution. In Section 3 we
consider the case when there is only one parameter of interest. Two examples
1
A related problem of recovering the prior about the parameters from the prior about
the observables was considered by Jarociński and Marcet (2019); see also the literature
cited therein. They face a similar restriction on the relative sizes of the variances; see their
Section 2.1.
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will illustrate the theory: the Bank of England’s forecast of the interest
rate (Sections 4 and 5) and the estimation of climate sensitivity (Sections 6
and 7). Section 8 concludes. An Appendix discusses the role of monotonic
reparametrizations in general, and the lognormal distribution in particular.
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From posterior to prior under normality

In order to highlight the issue under simple conditions, we shall ﬁrst assume
normality, which we shall modify later. We consider a parameter vector of
interest β and suppose that data are generated from a normal distribution
y|β ∼ N(Xβ, Ω),

(1)

where X is a given n × k matrix of rank k and Ω is a positive deﬁnite n × n
matrix. A non-Bayesian frequentist would estimate β using the generalized
least-squares (GLS) estimator (which is also the maximum likelihood estimator)
(
)−1 ′ −1
b0 = X ′ Ω−1 X
XΩ y
(2)
with variance

(
)−1
Σ0 = X ′ Ω−1 X
.

(3)

A Bayesian, on the other hand, would wish to take prior knowledge about β
into account. Suppose this prior information is given by
β ∼ N(b1 , Σ1 ),

(4)

where Σ1 is positive deﬁnite. Then the posterior distribution of β is
β|y ∼ N(b2 , Σ2 ),
where

(5)

(
)
−1 −1
Σ2 = Σ−1
,
1 + Σ0

b2 = W b1 + (Ik − W )b0 ,

(6)

and W = Σ2 Σ−1
1 is a k × k weight matrix.
Although W is, in general, not symmetric, its eigenvalues are real and
1/2
1/2
lie between zero and one. In fact, letting Z = Σ1 Σ−1
with eigenvalues
0 Σ1
λi (Z) > 0 (i = 1, . . . , k), we see that
−1/2

λi (W ) = λi (Σ1

−1/2

Σ 2 Σ1

)=

1
1/2
1/2
λi (Σ1 Σ−1
2 Σ1 )

=

1
.
1 + λi (Z)

(7)

Note that when the prior becomes uninformative, that is when Σ −1
→ 0,
1
then b2 → b0 and Σ2 → Σ0 . This is well-established basic Bayesian theory.
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Now consider the opposite situation where the data and the posterior are
available but not the prior. Can we reveal the prior from the data and the
posterior? In general we can, and in the special case of normality we obtain
the prior moments as
)
(
−1 −1
,
(8)
b1 = W −1 b2 + (Ik − W −1 )b0 ,
Σ1 = Σ−1
2 − Σ0
with

−1
W −1 = Σ1 Σ−1
2 = Σ0 (Σ0 − Σ2 ) ,

(9)

which assumes implicitly an upper bound to the posterior variance, namely
Σ2 < Σ0 in the usual sense that Σ0 − Σ2 is positive deﬁnite. The prior
mean is thus a “weighted average” of b2 and b0 , but the eigenvalues of W −1
do not lie between zero and one. In fact λi (W −1 ) = 1 + λi (Z) > 1 and
λi (Ik − W −1 ) = −λi (Z) < 0 for all i = 1, . . . , k.
The restriction Σ2 < Σ0 does not play a role in the usual Bayesian framework where we go from data plus prior to posterior, because the underlying
variances Σ0 and Σ1 are unrestricted (apart from being positive deﬁnite) and
Σ2 will automatically satisfy the restriction. But it does play a role when
we go from data plus posterior to prior, because now the restriction is not
automatically satisﬁed. This has practical consequences as we shall see later.
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One parameter of interest

In the special but important case where we have only one parameter β of
interest, we write σ02 , σ12 , and σ22 instead of Σ0 , Σ1 , and Σ2 . From the data
(without a prior) we obtain an unbiased estimator of β: b0 ∼ N(β, σ02 ). If we
add a prior β ∼ N(b1 , σ12 ), then we obtain the posterior β ∼ N(b2 , σ22 ), where
b2 =

σ02 b1 + σ12 b0
,
σ02 + σ12

σ22 =

σ02 σ12
.
σ02 + σ12

(10)

In the reversed case that we are interested in we have an unbiased estimator
b0 ∼ N(β, σ02 ) from the data and the posterior moments of β ∼ N(b2 , σ22 ).
From these two ingredients we obtain the prior as β ∼ N(b1 , σ12 ), where
b1 =

σ02 b2 − σ22 b0
,
σ02 − σ22

σ12 =

σ02 σ22
,
σ02 − σ22

(11)

under the restriction that σ22 < σ02 .
Deﬁning αm and αv implicitly by
σ22 = αv σ02 ,

b2 = α m b0 ,
4

(12)

we can rewrite (11) as
σ12 = κv σ02 ,

b1 = κ m b0 ,

(13)

where

αv
αm − αv
,
κv =
(14)
1 − αv
1 − αv
measure how far the prior is removed from the data and their eﬀect on the
prior mean and variance, respectively. Note that αm is unrestricted but that
αv is restricted by 0 < αv < 1.
The two fractions κm and κv capture the essence of our story. First
consider κv , which relates to the prior variance. What matters here is whether
κv is small (strong prior information) or large (weak prior information). This
depends only on αv , not on αm . When αv is close to one, then the variance
σ02 in the data and the variance σ22 in the posterior are approximately equal,
so that the prior has only a small eﬀect. This is represented by a large value
of κv and hence a large value of the prior variance σ12 . The prior is then
uninformative. But when αv is close to zero, then the data variance and
the posterior variance are not close, and the prior has a big eﬀect. This
is represented by a small value of κv and hence a small value of the prior
variance σ12 . The prior is then informative.
The situation is quite diﬀerent with κm . What matters here is not whether
κm is small or large, but rather whether κm is close to one or not. This will
depend on both αm and αv . It is clear that κm = 1 when αm = 1, irrespective
of the value of αv . Writing
κm =

1 − κm =

1 − αm
,
1 − αv

(15)

we see that the deviation of κm from one depends on the deviation of αm
from one relative to the deviation of αv from one. When αm is close to one
but αv is not, then the mean b0 in the data and the mean b2 in the posterior
are approximately equal, but the variance σ02 in the data and the variance
σ22 in the posterior are not approximately equal. In that case κm ≈ 1 and
the prior mean agrees with the data and the posterior. But when αv is close
to one but αm is not, then the variances σ02 and σ22 are approximately equal,
but the means b0 and b2 are not. In that case κm is large (in absolute value).
Naturally, for people with a very strong prior (σ12 ≈ 0) we have αv ≈ 0, and
hence κm ≈ αm and b1 ≈ b2 .
We shall apply this theory to two cases of interest. In Sections 4 and 5 we
try to reveal the prior of the Bank of England in forecasting inﬂation; then,
in Sections 6 and 7 we study the prior of the IPCC in estimating climate
sensitivity.
5
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Inﬂation in the UK: posterior and data

Density forecasts provide richer information on forecast uncertainties than
point forecasts, and decision makers, professional forecasters, and academic
researchers have increasingly employed this insight to forecast macroeconomic variables. In particular, the Monetary Policy Committee (MPC) of
the Bank of England (BoE) has produced quarterly reports on GDP growth
and inﬂation since 1996, and density forecasts are used in these reports to
explain the employed monetary policies.
Central banks (including the BoE) and professional forecasters don’t follow the model-based forecast densities mechanically; they will add a ﬁnal
touch based on their subjective judgment. Following the approach of McNees (1990) and Turner (1990) for point forecasts, Galvão et al. (2021)
investigated whether the subjective adjustment to the (mechanical) density
forecast improves the forecast performance, and concluded that “density forecasts from statistical models prove hard to beat”. In their study they need
to separately identify the adjustment by the forecaster and the unadjusted
mechanical density forecasts.
The current paper, rather than aiming at assessing the eﬀects of adjustment, investigates the process in which the decision makers, such as the
MPC, ﬁnalize the density forecast. Applying the Bayesian framework, in line
with the discussion in Winkler (1968), we assume that the decision maker
(i.e., the BoE or external forecasters) revises its prior distribution in view of
“data” from other experts to form the posterior distribution (i.e., the published density forecast). Applying our method discussed in Sections 2 and 3,
we reveal the prior of the MPC, making use of the data and the published
density forecast.
In addition to revealing the prior of one institution (the BoE), we also
ask a second question, namely what happens if two institutions provide density forecasts based on the same data. Their data are the same but their
posteriors are diﬀerent, which can only mean that their priors are diﬀerent.
How diﬀerent are these priors, especially when a shock occurs like the Brexit
or the Covid-19 lockdown? To investigate this question, we also consider
density forecasts by the National Institute of Economic and Social Research
(NIESR), an independent and highly-regarded organization in the UK.

4.1

The posterior

The Bank of England’s primary responsibility is to keep UK inﬂation at 2%
and the Monetary Policy Committee’s task is to decide what monetary policy action to take to achieve this goal. Since it will take about two years
6

for monetary policy to have its full eﬀect on the economy, the MPC needs
to forecast the development of the economy in general and inﬂation in particular. Every quarter, the BoE publishes its Monetary Policy Report (until
2019/Q4 called Inﬂation Report), in which the density forecasts of inﬂation
rate, economic growth rate, and employment rate are provided.
We have chosen the four-quarter (i.e. one-year) ahead density forecast of
CPI inﬂation as the posterior of the BoE. We focus on the quarters before
and after two recent events which signiﬁcantly shocked the UK economy:
the referendum outcome for Brexit in June 2016 and the ﬁrst lockdown for
Covid-19 in March 2020. Accordingly we consider ﬁve quarters (2016/Q1 and
Q2; and 2020/Q1, Q2, and Q3) in which the density forecasts are published
in reports of the BoE; see Bank of England (2016a,b; 2020a,b,c), respectively.
The density forecasts by the BoE are based on the so-called two-piece
normal distribution.2 In the quarters under consideration, skewness is absent
in three of the ﬁve quarters and very mild in the remaining two: 0.1 in
2016/Q3 and −0.26 in 2020/Q3. Hence it seems reasonable to assume that a
normal approximation N(b2 , σ22 ) of the density forecast (or the “fan-chart”)
with published means and standard deviations is suﬃciently accurate.
The NIESR publishes its economic density forecasts every quarter in
Prospects for the UK Economy. We consider this density forecast as NIESR’s
posterior. The density forecasts are produced using the National Institute
Global Econometric Model together with the institution’s judgment (see
Source to Figure 7 in Lenoël et al., 2020). The density forecasts for the
ﬁve quarters under consideration are reported in Prospects for the UK Economy; see Kirby et al. (2016a,b), Hantzsche and Young (2020), Lenoël and
Young (2020), and Lenoël et al. (2020). The density forecasts are reported
as fan-charts. We use these fan-charts to approximate the mean and variance
of the appropriate posterior normal distribution.
The posterior means and standard deviations of the BoE and the NIESR
for the ﬁve quarters are reported in Table 1. The trajectory of the BoE’s
posterior mean b2 is similar to that of the NIESR, but the amplitude of the
latter is much wider. The trajectories of the posterior standard deviation σ2
are very diﬀerent for the two institutions: BoE’s standard deviation remains
the same before and after the referendum, whilst NIESR’s large standard
deviation just before the referendum falls to its lowest level right after the
referendum.
2

The two-piece normal (split normal, binormal, double-Gaussian) distribution results
from joining at the mode the corresponding halves of two normal distributions with the
same mode but diﬀerent standard deviations. This distribution thus allows skewness; see
Wallis (2014) for more details.
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Table 1: UK inﬂation: the posterior
Referendum
2016/Q2 2016/Q3

Lockdown
2020/Q1 2020/Q2* 2020/Q3

BoE

b2
σ2

1.52
1.34

2.03
1.34

1.53
1.34

0.50
2.02

1.55
2.02

NIESR

b2
σ2

0.88
1.72

3.03
1.35

2.10
1.65

0.94
1.49

2.07
1.71

∗

In 2020/Q2 the values for b2 and σ2 for the BoE are missing. We take b2 from “the
illustrative scenario” in “conditioning assumptions and scenario summary” (BoE,
2020b), and for σ2 we employ the value for 2020/Q3.

4.2

The data: BoE’s survey of external forecasters

The data are based on The Bank of England Survey of External Forecasters.
In this quarterly survey the BoE asks professional forecasters to indicate
probabilities they would attach to various possible outcomes in three future
quarters. What is special about this survey is that the forecasters can indicate
not only their most likely range (say, 1.5–2.0 percent) but that they are
allowed to attach probabilities to events (say, 25% for the range 1.0–1.5,
50% for the range 1.5–2.0, and 25% for the range 2.0–2.5). The surveyed
forecasters cannot be identiﬁed by us, but they consist of City ﬁrms, academic
institutions, and private consultancies, mainly based in London. The BoE
then reports a summary of each survey in their quarterly Monetary Policy
Report. The summary report includes the survey average density forecasts,
i.e. the average of the respondents’ probabilities in each interval; see Boero
et al. (2015) for more details about the survey.
Table 2 gives the data distribution for the ﬁve quarters of interest to us.
Each column contains percentages adding up to 100 (apart from rounding
errors), and each column thus maps out a distribution which we approximate
by N(b0 , σ∗2 ). The parameters b0 and σ∗ are estimated by maximum likelihood
for interval censored values, using the R package “ﬁtdistrblus”, provided
by Delignette-Muller and Dutang (2015). The estimated values reported in
Table 2 ﬁt the survey data well. The trajectory of b0 is similar to that of
b2 , but the trajectory of σ∗ is diﬀerent from that of σ2 . Furthermore, σ∗ is
uniformly smaller than σ2 .
We shall assume that the NIESR uses the same data as the BoE, and
that therefore any diﬀerence in the posterior must come from a diﬀerence in
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Table 2: UK inﬂation: the data
2016/Q2 2016/Q3
< 0.0
0.0–1.0
1.0–1.5
1.5–2.0
2.0–2.5
2.5–3.0
> 3.0
b0
σ∗

2020/Q1

2020/Q2

2020/Q3

5
15
24
27
14
8
8

2
4
9
18
23
21
23

3
7
18
36
25
7
3

7
23
22
24
13
7
4

5
20
19
25
16
10
6

1.63
0.91

2.36
0.92

1.76
0.67

1.42
0.90

1.59
0.92

the prior. This assumption requires some defense. The NIESR forecasters
frequently exchange information about economic conditions with economists
from major survey organizations and the oﬃcial sectors. 3 Professional forecasters also devote signiﬁcant time and eﬀort to collect information and improve methods for economic forecasting, and their information set can thus
be regarded as an upper bound among the forecasters; see Andrade and Le
Bihan (2013) and Candia et al. (2021). This implies that, even if the BoE
and the NIESR collect density forecasts from diﬀerent sets of a suﬃciently
large number of professional forecasters, these two information sets will be
highly correlated.
We now have the posteriors (diﬀerent for BoE and NIESR) and the data
(same for BoE and NIESR), so we can reveal the priors. We shall do so
in the next section, but before applying our theory we need to discuss one
remaining issue which occurs here and also in the next application, and in
fact is a common problem. The problem is that the variation in the data is
too small or, in other words, the precision of the data is overestimated. We
have noted above that σ∗ (from the data) is uniformly smaller than σ2 (from
the posterior). But the theory prescribes that the posterior variance must
be smaller than the data variance (and also than the prior variance). After
all, we add information to the data (in the form of a prior), so the precision
should increase. A comparison of σ∗ and σ2 shows that this condition is
violated, and hence we cannot choose σ0 = σ∗ for the data.
This important aspect of the data seems to be largely ignored in the
literature with the exception of Magnus and Vasnev (2022), who explain
3

See https://www.niesr.ac.uk/business-conditions-forum.
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the underestimation of σ0 by the fact that the underlying data are (highly)
correlated. How high the correlation is we cannot recover, so we deal with
this problem in a pragmatic way, by choosing three diﬀerent values for σ0 ,
namely 2.2, 2.6, and 3.0. These values are larger (but not much larger) than
the values of σ2 in Table 1, and they also yield a reasonable spectrum of
revealed priors, as we shall see in the next section.

5

Inﬂation in the UK: revealed prior

Both the BoE and the NIESR revise their data in view of their priors before
they publish their forecasts (their posteriors). We observe the data and the
posterior but not the priors, but we can reveal the priors from the data and
the posterior. The estimated priors of the BoE and the NIESR are reported
in Table 3. We discuss and interpret these priors for each of the ﬁve quarters
below.

5.1

The referendum

The Brexit referendum was held on 23 June, 2016. Before the referendum
the general expectation was that the UK population would vote to remain
in the European Union, and the forecasts by the BoE and the NIESR were
made under the assumption that the “remainers” would win.
The quarter labeled 2016/Q2 is associated with the reports by the BoE
and the NIESR which came out in May 2016, one month before the referendum, containing forecasts made in 2016/Q2 about the inﬂation one year later
in 2017/Q2. We see that the BoE and the NIESR have very diﬀerent priors.
The BoE’s prior mean b1 is about 1.47, irrespective of the assumption on
the standard deviation σ0 in the data. But the prior mean of the NIESR is
quite sensitive to σ0 and could even have been negative. The prior standard
deviation σ1 is relatively small (around 1.6) for the BoE and large (around
2.4) for the NIESR. The NIESR appears to have been quite uncertain about
their prior beliefs, and the standard deviations in this quarter are the highest
among the ﬁve quarters.
What is the reason for the large diﬀerence in the prior means between
the BoE and the NIESR? The most important reason is probably that the
two organizations diﬀer in their hypothesized monetary policy paths. The
BoE considered that inﬂation would rise automatically to the 2% target by
mid-2018, and was reluctant to place monetary policy which might bring
too rapid inﬂation. In contrast, the NIESR considered that there could be
substantial inﬂation in two years’ time, and they expected “the Monetary
10

Table 3: UK inﬂation: data and priors
Data

Priors
BoE

Year/Quarter
Referendum
2016/Q2

2016/Q3

Lockdown
2020/Q1

b0

σ0

b1

σ1

NIESR
b1
σ1

1.63 2.2
2.6
3.0

1.46 1.69
1.48 1.56
1.49 1.50

−0.30 2.76
0.30 2.29
0.51 2.10

2.36 2.2
2.6
3.0

1.84 1.69
1.91 1.56
1.95 1.50

3.43 1.71
3.28 1.58
3.20 1.51

1.76 2.2
2.6
3.0

1.39 1.69
1.45 1.56
1.47 1.50

2.54 2.49
2.33 2.14
2.25 1.98

2020/Q2

1.42

2.2
2.6
3.0

2020/Q3

1.59

2.2
2.6
3.0

−4.44
−0.90
−0.26

5.10
3.21
2.73

1.34 5.10
1.49 3.21
1.52 2.73

0.53
0.71
0.78

2.03
1.82
1.72

2.80 2.72
2.44 2.27
2.30 2.08

Policy Committee to move to raise rates by the end of this year and then
follow a policy of gradually tightening to 1.5 per cent by the end of 2017.”
The priors changed dramatically after the referendum, as we can see in the
quarter labeled 2016/Q3. The outcome of the referendum was unexpected
and not assumed in the previous report published in 2016/Q2. So, the priors
had to adjust. In addition, after the referendum the exchange rate fell sharply
and the outlook for growth in the short to medium term weakened markedly.
The BoE and the NIESR forecasts were made given that the base rate
would be cut from 0.50% to 0.25% in August 2016. The prior mean b1 is
much higher for the NIESR than for the BoE, possibly because the NIESR
assumed a further cut of the base rate to 0.1% within 2016, while the BoE
did not make such an assumption. Both the NIESR and the BoE appear
11

to have been rather conﬁdent about their prior beliefs given the small (and
stable) standard deviations.

5.2

The lockdown

On March 16, 2020 UK Prime Minister Boris Johnson announced, in response to the Covid-19 threat, that “now is the time for everyone to stop
non-essential contact and travel”, and lockdown measures came legally into
force on March 26. One month before the lockdown, in the February 2020
Monetary Policy Report, the MPC decided to maintain the base rate at
0.75%. This was because the growth in regular pay fell back to around 3.5%,
although unit labor costs continued to grow at rates above those consistent
with meeting the inﬂation target in the medium term. The NIESR had a
similar view, but it assumed that the base rate would be cut by 0.25% at
the end of March and then remain at 0.5% until the end of 2021. This may
explain, in part, why the NIESR has a higher prior mean than the BoE in
the 2020/Q1 forecast.
After the national lockdown, domestic and world economic conditions
deteriorated sharply. To respond to the new situation, the MPC reduced the
base rate to 0.1% on 19 March 2020, right after the ﬁrst cut to 0.25% on 11
March 2020. The inﬂation rate declined to 1.5% in March.
In 2020/Q2, the BoE did not provide density inﬂation forecasts, which
was unprecedented. They did, however, describe a scenario in which the
annual inﬂation rate in 2021 would be 0.50% (see the note to Table 1). We
use this value as the posterior mean b2 . Regarding the posterior standard
deviation, we employ σ2 = 2.02, the published value in the next quarter.
This is much higher than σ2 = 1.34 in the previous quarters, thus reﬂecting
the increased uncertainty.
The prior for the BoE reﬂects its pessimistic feelings and its inability to
make accurate forecasts. In contrast, the NIESR considered that the inﬂation rate would rise to around 1% in 2021, thus higher than BoE’s inﬂation
expectation, because the NIESR considered that the Covid-19 shock would
reduce both demand and supply, which would have a broadly neutral eﬀect
on inﬂation. Their prior is also pessimistic, but less so than the BoE, and
their conﬁdence in this prior is much higher.
In the next quarter, 2020/Q3, both the BoE and the NIESR substantially
adjusted their prior inﬂation forecast upwards. After declining sharply to
0.6% in 2020/Q2, the BoE expected that inﬂation would fall further due
to the low energy prices and the temporary cut in value-added tax for the
hospitality industry, and that inﬂation would rise during 2021, as the impacts
of low energy price and the value-added tax cut would fade. In the NIESR
12

scenario, inﬂation would fall to −0.1% in 2020/Q3 but then would recover
to about 2% in 2021. The higher prior of the NIESR shows that the NIESR
considered deﬂation risk exaggerated.

5.3

Strength of the prior

So far we have analyzed the priors of the BoE and the NIESR for each
quarter trying to identify the source of their diﬀerences. Now we analyze the
strengths of their priors.
Table 4: UK inﬂation: ratios of parameters
αm = b2 /b0 , αv = (σ2 /σ0 )2 , κm = b1 /b0 , κv = (σ1 /σ0 )2
Data
Year/Quarter

BoE

NIESR

b0

σ0

αm

αv

κm

κv

αm

αv

κm

κv

1.63
1.63
1.63

2.2
2.6
3.0

0.93
0.93
0.93

0.37
0.27
0.20

0.89
0.91
0.92

0.59
0.36
0.25

0.54
0.54
0.54

0.61
0.44
0.33

−0.18
0.18
0.31

1.57
0.78
0.49

2.36
2.36
2.36

2.2
2.6
3.0

0.86
0.86
0.86

0.37
0.27
0.20

0.78
0.81
0.83

0.59
0.36
0.25

1.28
1.28
1.28

0.38
0.27
0.20

1.46
1.39
1.36

0.60
0.37
0.25

1.76
1.76
1.76

2.2
2.6
3.0

0.87
0.87
0.87

0.37
0.27
0.20

0.79
0.82
0.84

0.59
0.36
0.25

1.19
1.19
1.19

0.56
0.40
0.30

1.44
1.32
1.28

1.29
0.67
0.43

2020/Q2

1.42
1.42
1.42

2.2
2.6
3.0

0.35
0.35
0.35

0.84
0.60
0.45

−3.13
−0.63
−0.19

5.37
1.52
0.83

0.66
0.66
0.66

0.46
0.33
0.25

0.38
0.50
0.55

0.85
0.49
0.33

2020/Q3

1.59
1.59
1.59

2.2
2.6
3.0

0.97
0.97
0.97

0.84
0.60
0.45

0.84
0.94
0.95

5.37
1.52
0.83

1.30
1.30
1.30

0.60
0.43
0.32

1.76
1.53
1.45

1.53
0.76
0.48

Referendum
2016/Q2

2016/Q3

Lockdown
2020/Q1

In Table 4 we present the key parameter ratios, as discussed in Section 3.
We focus on the parameters related to the prior: κm and κv . Recall that
the smaller (resp. larger) is the value of κv , the stronger (resp. weaker) is
the prior information. Throughout the referendum period and in the quarter
just before the ﬁrst lockdown, BoE’s κv ranges from 0.25 to 0.59, uniformly
smaller than NIESR’s. This shows the BoE holds stronger prior views than
the NIESR. After the lockdown, the situation is reversed and the NIESR
holds stronger prior views than the BoE, since κv ranges from 0.83 to 5.37
(BoE) and from 0.33 to 1.53 (NIESR).
Concerning κm we recall that the closer κm is to unity, the stronger is the
prior in the sense that b2 (the posterior mean) is largely determined by b1
13

(the prior mean) and not by the data. Except for the ﬁrst lockdown quarter,
BoE’s κm is much closer to unity than NIESR’s, which shows again that the
BoE holds strong priors (except during the ﬁrst lockdown) compared to the
NIESR.
In conclusion, we have found that BoE’s prior is highly stable and inﬂexible over the ﬁve quarters, except the outlier during the initial quarter
of the national lockdown. Except in 2020/Q2, BoE’s b1 ranges between 1.34
and 1.95, which is just below the institutional inﬂation target level of 2%.
The BoE apparently has great conﬁdence in its ability to achieve the target,
except during the Covid-19 lockdown.
The NIESR is more ﬂexible and its prior views vary over the quarters. The
referendum in particular dramatically aﬀected the strength of the NIESR’s
prior. Except in 2020/Q2, the NIESR has weaker prior views than the BoE.

6

Climate sensitivity: posterior and data

When the radiation balance of the Earth is perturbed, the temperature will
change. By how much is measured by the equilibrium climate sensitivity
(ECS): the long-term temperature rise that is expected to result from a
doubling of the atmospheric CO2 concentration, usually relative to the preindustrial level (around 1750). It is a prediction of the new global mean nearsurface air temperature once the CO2 concentration has stopped increasing
and most of the feedbacks have had time to have their full eﬀect. The ECS
is an important diagnostic in climate modelling, but it cannot be measured
directly and forms a large source of uncertainty. CO2 levels rose from 280
parts per million (ppm) in the eighteenth century (IPCC, 2013, p. 100) to
about 416 ppm by 2020, an increase of almost 50%. In the same period, the
Earth’s temperature rose by a little over one degree Celsius. In this and the
next section, the ECS will be our parameter of interest, and we shall denote
it by β.
In contrast to Sections 4 and 5 where we assumed normality (hence symmetry) of the distributions, this assumption is not plausible here. So we need
to search for a credible alternative, and the simplest alternative is normality
of a monotonic transformation of β, say h(β). Given this transformation the
same theory shows that if b0 ∼ N(h(β), σ02 ) is an unbiased estimator of h(β)
from the data and h(β) ∼ N(b2 , σ22 ) is the posterior, then the prior can be
recovered as
(16)
h(β) ∼ N(b1 , σ12 ),
where b1 and σ12 are given in (11). From the prior distribution of h(β) we
then obtain the prior distribution of β. The most important example is
14

h(β) = log β in which case the posterior and the prior are both lognormally
distributed; see the Appendix for details. This is the route that we shall
follow.

6.1

The posterior

In estimating β we rely exclusively on the Intergovernmental Panel on Climate Change (IPCC) reports. So far, ﬁve so-called Assessment Reports have
appeared, the ﬁrst in 1990, the ﬁfth in 2013.4 In these reports we ﬁnd estimates (and precisions) of studies on the ECS (our data) and the IPCC’s own
estimates (our posterior). From this information we will attempt to recover
the IPCC’s priors.
In the ﬁfth report, more precisely the Working Group I contribution
(IPCC, 2013), hereafter IPCC5, the authors state that “no best estimate
for equilibrium climate sensitivity can now be given because of a lack of
agreement on values across assessed lines of evidence and studies” (IPCC5,
p. 16, footnote). But later in the same report they do provide estimates, as
follows:






“. . . ECS is likely in the range 1.5 to 4.5 with high conﬁdence. ECS is positive, extremely unlikely less than 1 (high
conﬁdence), and very unlikely greater than 6 (medium conﬁdence)”.
(IPCC5, pp. 83–84)



The IPCC also provides a precise interpretation of terms like “extremely
unlikely” and “medium conﬁdence” (IPCC5, p. 36), which diﬀers slightly
from the interpretation in the previous Assessment Report (IPCC, 2007, p.
22) by explicitly taking into account the degree of “agreement” in the team
about the evidence provided by each study. Given this interpretation, IPCC5
concludes that
Pr(1.5 < ECS < 4.5) = 0.67,
Pr(ECS < 1.0) < 0.05, and
Pr(ECS > 6.0) < 0.10.
In addition (pp. 75 and 817), they summarize information of experiments by
the Coupled Model Intercomparison Project Phase 5 (CMIP5) who report
a range 2.1–4.7 for the ECS, without however stating the likelihood of this
range.
4

The sixth report (IPCC, 2021) is about to appear. So far, only the Summary for
Policy Makers is publicly available.
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Assuming the ECS β to be lognormally distributed, so that log β ∼
N(b2 , σ22 ), we seek combinations (b2 , σ2 ) such that the posterior probabilities closely match the probabilities in the IPCC report. There is no unique
lognormal distribution that ﬁts our data, but b2 = 1.07 and σ2 = 0.53 seems
a reasonable approximation and is also in line with Hwang et al. (2013,
Figure 4) where b2 = 1.071 and σ2 = 0.527.
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Figure 1: Posterior distribution (in red) and the ﬁfteen studies,
lognormal distributions
The selected posterior distribution, plotted in Figure 1 (bold line, in red),
satisﬁes
Pr(1.5 < β < 4.5) = 68.9% (about 67%),
Pr(0 < β < 1.0) = 2.2% (less than 5%), and
Pr(β > 6.0) = 8.7% (less than 10%),
in accordance with the IPCC report’s conclusions. In addition, the interquartile range is Pr(2.04 < β < 4.17) = 50% and there is a 1% probability of
β > 10.0. The skewness of the distribution is well illustrated by the fact that
2
the mode and median of β are quite diﬀerent: The mode is eb2 −σ2 = 2.20,
while the median is eb2 = 2.92.
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6.2

The data

In addition to the posterior we need information on the data. Our data
consist of n = 15 studies mentioned in the IPCC5 report. Fourteen of these
are contained in Figure 10.20 (p. 925) and Box 12.2 (p. 1110) of the report,
and one study (Huber et al., 2011) is included in Figure 2 of Knutti et al.
(2017) and referred to in various places of IPCC5.
Table 5: Data on climate sensitivity, Fifth Assessment Report
Study
pi
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Lindzen and Choi, 2011
95%
Schmittner et al., 2011
90%
Aldrin et al., 2012
90%
Hargreaves et al., 2012
90%
Lewis, 2013
90%
Bender et al., 2010
95%
Otto et al., 2013
90%
Schwartz, 2012
90%
Lin et al., 2010
90%
Libardoni and Forest, 2011 90%
Köhler et al., 2010
90%
Olson et al., 2012
95%
Huber et al. 2011
67%
Holden et al., 2010
90%
Palaeosens, 2012
95%

Bounds
li
ui

Lognormal approx.
yi
σ0i

0.5
1.4
1.2
1.0
2.0
1.7
0.9
1.2
2.8
1.2
1.4
1.8
2.9
2.0
1.1

−0.30
0.68
0.72
0.72
0.99
0.97
0.75
0.89
1.17
0.93
0.99
1.09
1.23
1.15
1.02

1.1
2.8
3.5
4.2
3.6
4.1
5.0
4.9
3.7
5.3
5.2
4.9
4.0
5.0
7.0

0.20
0.21
0.33
0.44
0.18
0.22
0.52
0.43
0.08
0.45
0.40
0.26
0.17
0.28
0.47

The ith study produces a range (li , ui ) (lower and upper bound) with an
associated probability pi (typically 90% or 95%) for the ECS β, our parameter
of interest. Given the range (li , ui ) and the associated probability Pr(li <
βi < ui ) = pi we can identify the parameters of the associated lognormal
2
distributions, as follows. Since log βi ∼ N(yi , σ0i
) in the ith study, we have
(
)
log li − yi
log ui − yi
Pr
< zi <
= pi ,
zi ∼ N(0, 1),
(17)
σ0i
σ0i
and hence
yi = log(li ui )1/2 ,

σ0i =

log(ui /li )1/2
,
qi
17

Φ(qi ) =

pi + 1
,
2

(18)

where Φ denotes the c.d.f. of the standard-normal distribution. In this way
we end up with ﬁfteen observations yi with associated standard deviations
σ0i ; see Table 5. Our task is to ﬁnd an estimator b0 ∼ N(log β, σ02 ) based on
2
the ﬁfteen data yi ∼ N(log β, σ0i
). This task is not trivial as we shall see.
The IPCC5 report distinguishes between an instrumental period and
a palaeoclimatic period. The instrumental period is the short period in
the Earth’s long history where direct instrumental records on climate are
available, while the palaeoclimatic period is the long period preceding such
records. Of our ﬁfteen studies some only use data from the instrumental
period (studies 1, 3, 5–9, 12, 13), some only from the palaeoclimatic period
(2, 4, 11, 14, 15), and some combine diﬀerent lines of evidence (3, 10, 12).
Studies 3 and 12 appear in both the groups instrumental and combination.
This highlights the ﬁrst of several problems: comparability.
The second problem is that the ﬁrst study (Lindzen and Choi, 2011) has
a big impact and is in essence an outlier. The IPCC raises doubts about the
reliability of this study (IPCC5, pp. 923–924), but it has not removed the
study from their report. Not only is the revealed value of yi much lower than
in the other studies, but the eﬀect is much strengthened by the fact that the
reported precision is high.
Third, we should take into account that the studies are correlated with
each other. They all estimate the same parameter, probably using similar
highly correlated data sets.
To gain further insight, Figure 1 presents the ﬁfteen lognormal curves
corresponding to the ﬁfteen studies. From the ﬁgure several things become
clear. First, that the ﬁrst study (with the highest peak) is an outlier. And
second, that what the data tell us is ambiguous. The modes range from 0.71
(1.89 if we exclude the ﬁrst study) to 3.31, and the medians from 0.74 (1.98
if we exclude the ﬁrst study) to 3.41.
Our task is to ﬁnd a lognormal distribution which can be thought of as a
reasonable representation of the data. This distribution must have a larger
variance than the red curve in Figure 1 because theory prescribes that the
posterior variance is smaller than the data variance (and also than the prior
variance); see also the discussion at the end of Section 4.2.
Based on the graphical information and the constraint σ0 > 0.53, and
taking into account the ﬁndings of Magnus and Vasnev (2022) discussed in
Section 4.2, we consider three values of σ0 : 0.6, 0.7, and 0.8; and four values of
b0 : 0.8, 0.9, 1.0, and 1.1. Thus we shall consider twelve scenarios, where each
scenario obeys the theoretical restrictions and the combination of scenarios
covers what we believe is a credible range of the data parameters. Table 6
presents the mode and three quantiles (5%, 50%, and 95%) for the implied
distributions. We see that the median ranges from 2.23 to 3.00, which is a
18

Table 6: Estimates of b0 and σ0 from the data

σ0

mode

quantiles
5% 50% 95%

0.6
0.8 0.7
0.8

1.55
1.36
1.17

0.83
0.70
0.60

2.23
2.23
2.23

5.97
7.04
8.30

0.6
0.9 0.7
0.8

1.72
1.51
1.30

0.92
0.78
0.66

2.46
2.46
2.46

6.60
7.78
9.17

0.6
1.0 0.7
0.8

1.90
1.67
1.43

1.01
0.86
0.73

2.72
2.72
2.72

7.29
8.60
10.13

0.6
1.1 0.7
0.8

2.10
1.84
1.58

1.12
0.95
0.81

3.00
3.00
3.00

8.06
9.50
11.20

b0

little narrower than in the fourteen studies where the median ranges from
1.98 to 3.41 (if we exclude the ﬁrst study where the median is 0.74). The
scenarios also allow for a wide range of (right) tail behavior. The value β ∗
of β which deﬁnes the right tail (that is, where 5% of the distribution lies to
the right of β ∗ ) ranges from 5.97 to 11.20.
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Climate sensitivity: revealed prior

Given the moments (b0 , σ0 ) from the data and (b2 , σ2 ) from the posterior,
we can now discuss the revealed prior moments. The prior mean is given
by (11),
b2 − α v b0
b1 =
,
αv = σ22 /σ02 ,
(19)
1 − αv
and thus depends only on the posterior mean b2 (which we set at 1.07), the
data mean b0 (which ranges from 0.8 to 1.1), and on the ratio of σ2 = 0.53
and σ0 (which ranges from 0.6 to 0.8).
In contrast, the prior standard deviation, also given in (11), is
σ2
σ0 σ2
=√
σ1 = √ 2
,
2
1 − αv
σ0 − σ2
19

(20)

which, given σ2 = 0.53, depends only on σ0 or alternatively on αv .
Table 7: Estimates of prior moments b1 and σ1 for given
posterior moments (b2 , σ2 ) = (1.07, 0.53)
data
b0 σ0

κm

κv

prior
b1
σ1

mode

quantiles
5% 50% 95%

0.8

0.6 2.54 3.55 2.03 1.13
0.7 1.79 1.34 1.43 0.81
0.8 1.60 0.78 1.28 0.71

2.12
2.17
2.18

1.18
1.10
1.12

7.61
4.19
3.60

48.84
15.91
11.53

0.9

0.6 1.86 3.55 1.67 1.13
0.7 1.44 1.34 1.30 0.81
0.8 1.34 0.78 1.20 0.71

1.48
1.90
2.02

0.83
0.96
1.04

5.33
3.66
3.33

34.24
13.91
10.66

1.0

0.6 1.32 3.55 1.32 1.13
0.7 1.16 1.34 1.16 0.81
0.8 1.12 0.78 1.12 0.71

1.04
1.66
1.87

0.58
0.84
0.96

3.74
3.20
3.08

24.01
12.16
9.86

1.1

0.6 0.88 3.55 0.96 1.13
0.7 0.94 1.34 1.03 0.81
0.8 0.95 0.78 1.05 0.71

0.73
1.45
1.73

0.41
0.74
0.89

2.62
2.80
2.85

16.83
10.64
9.12

Table 7 shows the revealed prior means and standard deviations for each
of the twelve scenarios (four values of b0 , three values of σ0 ). Given (b2 , σ2 ) =
(1.07, 0.53) and the twelve selected pairs (b0 , σ0 ), we present the induced
values of κm , κv , b1 , and σ1 .
Since b2 must lie in-between b0 and b1 , it follows that b1 > 1.07 if b0 < 1.07
and b1 < 1.07 if b0 > 1.07. The lower is b0 , the higher must be b1 . If b0 = 0.8
then we need a high prior mean, leading to a prior median of 3.6 or more.
If the standard deviation in the data is relatively large (σ0 = 0.8), then the
standard deviation in the prior will be relatively small. But even then the
right tail is substantial with a 5% probability that the ECS will exceed 10
or worse. In our bolded scenario there is a 5% probability that the ECS will
exceed 12 .
As discussed in Section 3, the story can be summarized in terms on the
key parameters κm and κv . What matters regarding κm is whether or not it is
close to one. When the mean b0 in the data and the mean b2 in the posterior
are approximately equal, but the variance σ02 in the data and the variance
σ22 in the posterior are not approximately equal, then κm ≈ 1 and the prior
mean agrees with the data and the posterior. But when the variances σ02
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and σ22 are approximately equal, but the means b0 and b2 are not, then κm is
large (in absolute value). This is well illustrated in Table 7 where κm = 1.12
is close to one when b0 = 1.0 is close to b2 = 1.07, while σ0 = 0.8 is not close
to σ2 = 0.53. At the other extreme, κm = 2.54 is not close to one, because
b0 = 0.8 is not close to b2 = 1.07, while σ0 = 0.6 is close to σ2 = 0.53.
The prior standard deviation satisﬁes σ1 > σ2 = 0.53 (as it must), but σ1
can be larger or smaller than σ0 . In our set up, σ1 can only take three values:
0.71 (small), 0.81 (medium), or 1.13 (large), depending on whether σ0 equals
0.8 (large), 0.7 (medium), or 0.6 (small). Regarding κv what matters is
whether it is small (κv = 0.78, strong prior information) or large (κv = 3.55,
weak prior information). When the standard deviations σ0 in the data and
σ2 in the posterior are approximately equal, then we see from Table 7 that
the prior has only a small eﬀect. This is represented by a large value of κv
(3.55) and hence a large value of the prior variance σ1 (1.13). The prior is
then uninformative. But when the standard deviation in the data and the
posterior are not close, then the prior has a big eﬀect. This is represented
by a small value of κv (0.78) and hence a small value of the prior standard
deviation σ1 (0.71). The prior is then informative.
So, what do these results tell us about the unknown prior of the IPCC?
And in particular, how strong is this prior in view of the fact that a strong
prior seems to be required to make any sense of the data.
Let us compare our prior with the conclusions (the posterior) of the previous IPCC report (IPCC, 2007). One would expect that the posterior of the
previous study serves as the prior in the next study, at least approximately.
The fourth report concludes about the ECS:






“It is likely to be in the range 2.0 to 4.5 with a best estimate of about 3.0 , and is very unlikely to be less than 1.5 .
Values substantially higher than 4.5 cannot be excluded, but
agreement of models with observations is not as good for those
values”.
(IPCC, 2007, p. 12)





If we ﬁt a lognormal distribution with mean 1.1 and standard deviation 0.4,
then these statements translate to a median of 3.0 and
Pr(2.0 < ECS < 4.5) = 0.69 > 0.67 (likely),
Pr(ECS < 1.5) = 0.04 < 0.10 (very unlikely), and
Pr(ECS > 4.5) = 0.16,
which seems about right.
The posterior mean 1.10 from the previous report is a little lower than the
prior mean in the current report (say, 1.16), but it is comparable. The same
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is true for the implied median, which is 3.0 in the previous report, and now a
little higher, say 3.2. The main diﬀerence is in the standard deviation, which
is 0.4 in the posterior distribution of the previous report and about 0.7 in the
prior distribution of the current report. It appears that the IPCC scientists
have agreed a priori on a value for the ECS between 3 and 4.0 , while
judging the occurrence of a real disaster much more likely than the posterior
in the previous report predicts. For example, while Pr(ECS > 6.0) equals
4.2% for the posterior in the previous report and 8.7% for the posterior in the
current report, the revealed prior gives a probability range between 14.8%
(b0 = 1.05, σ0 = 0.71) and 58.3% (b0 = 2.03, σ0 = 1.13). These high numbers
reﬂect the a priori view of the IPCC scientists; they are not based on new
information becoming available in the current report.
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Figure 2: Distributions of β based on data b0 , prior b1 , posterior b2 ,
and previous report b∗2
In Figure 2 we plot the four representative lognormal distributions of β
for the data (b0 = 1.00, σ0 = 0.70), the prior (b1 = 1.16, σ1 = 0.81), the
posterior (b2 = 1.07, σ2 = 0.53), and the posterior from the previous report
(b∗2 = 1.10, σ2∗ = 0.40). These four graphs summarize our story. The smaller
the variance of the lognormal distribution, the higher the top. The posterior
b∗2 from the previous reports has the smallest variance, hence the highest top
and the smallest probability of a really large temperature. There is a large
discrepancy between the posterior b∗2 of the previous report and the prior b1
of the current report, showing dynamic inconsistency. The main diﬀerence
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between the conclusions in the previous and the current report is that uncertainty has increased. Why has uncertainty increased in the presence of
many new scientiﬁc studies, often claiming rather precise predictions? This
can only be because the IPCC’s prior judgement has become more cautious
and less optimistic, perhaps rightly so, than the previous posterior justiﬁes.
Since the Sixth Report IPCC6 (IPCC, 2021) is about to appear, let’s
brieﬂy compare the posteriors of IPCC5 with the latest IPCC6. One would
expect that improved knowledge about climate processes would lead to a
narrower range for the climate sensitivity parameter β. This is indeed the
case. In IPCC6 (Section 7.5.5) the “likely” range for the climate sensitivity
parameter is given as 2.5 to 4.0 , as compared to 1.5 to 4.5 in IPCC5.
This corresponds to a slightly higher mode and a substantially smaller variance. The IPCC6 authors claim that the tighter range is caused by improved
data (rather than by a sharper prior). It would be of interest to investigate
if this is indeed the case, that is, if the impact of the prior has decreased and
if so by how much.
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Conclusions and further work

In this paper we have tried to reveal the prior, given information about the
data and the posterior. We do so in the context of the normal distribution and an extension (reparametrization) based on a monotonic transformation of the normal distribution, in our case the lognormal distribution. The
(log)normality assumption can be relaxed without changing the underlying
theory, but the expressions would be become less transparent.
We developed the theory and we applied this theory to inﬂation forecasts
by the BoE and climate sensitivity estimates by the IPCC. Our applications
assume that the BoE and the IPCC behave in a Bayesian way and think in
terms of priors and posteriors. This may not be so. But it doesn’t matter
because we are all Bayesians in the sense that we all have priors. Scientiﬁc
Bayesians have both explicit and implicit priors; scientiﬁc frequentists only
have implicit priors. But we all have priors and the purpose of this paper
has been to make these priors explicit. Of course, the ﬁeld of application of
the ideas developed in this paper is not conﬁned to inﬂation or climate issues. It can be used more generally to determine people’s biases, for example
politicians or scientists.
There are at least two further closely related questions worth investigating. First, suppose that our observations stretch over several, say two,
periods. In both periods we have data and posteriors, and we can recover
the priors in periods 1 and 2. Dynamic consistency requires that the prior
23

in period 2 is the posterior in period 1. But is it? If it is, then the agent
is consistent or rational in this Bayesian updating scheme. But if it isn’t,
then the agent is not consistent. One can easily imagine a situation where
the agent remains too loyal to their original prior, which one may call “prior
stubbornness” or “bunching”. This stubbornness may be politically motivated and is related to the theory of learning. It may continue until some
bound has been reached (a tipping point), after which the prior is adjusted
and moves to a new level. In fact, it should be possible to derive a measure
for such stubbornness.
Second, we may consider the situation (as in the case of the BoE and the
NIESR) where there is not one but several, say two, agents over several, say
two, periods. The data available to the two agents are the same, but their
posteriors are not, and hence their priors are also diﬀerent. We may then
ask: under what conditions would their priors converge?

Appendix: The lognormal distribution
Recall the fundamental formula for “completing the square”,
(β − a2 )2 (y − a1 )2
(y − β)2 (β − a1 )2
+
=
+ 2
,
σ02
σ12
σ22
σ0 + σ12
where

σ02 a1 + σ12 y
a2 =
,
σ02 + σ12

σ22

(21)

σ02 σ12
= 2
.
σ0 + σ12

Multiplying both sides by −1/2 and taking exponentials gives
f (y; β, σ02 ) f (β; a1 , σ12 ) = f (β; a2 , σ22 ) f (y; a1 , σ02 + σ12 ),

(22)

where

(
)2
1
1 x−µ
f (x; µ, σ ) = √
exp −
2
σ
σ 2π
denotes the normal density. This, of course, is just Bayes’ formula
2

f (y|β) f (β) = f (β|y) f (y)
and shows that a normal likelihood plus a normal prior results in a normal
posterior.
Now let g denote the lognormal density
(
)2
1 h(x) − µ
h′ (x)
2
(x > 0).
exp −
g(x; µ, σ ) = √
2
σ
σ 2π
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where h(x) = log x and consequently h′ (x) = 1/x, Then it follows immediately from (21) that, for β > 0,
f (y; h(β), σ02 ) g(β; a1 , σ12 ) = g(β; a2 , σ22 ) f (y; a1 , σ02 + σ12 ).

(23)

Hence, a normal likelihood plus a lognormal prior results in a lognormal posterior, so that prior and posterior are conjugate distributions. The function
h can be any monotonic transformation of x, not necessarily log x.
Another way of arriving at this result is to realize that the lognormal
distribution is not really a new distribution but rather a reparametrization.
The parameter of interest remains β, but the analysis is performed on log β
(more generally on h(β)). So we have a normal likelihood with mean log β
and a normal prior on log β, resulting in a normal posterior on log β.
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